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��� 517.9������������� ������� � ���Ǒ����� ����������.�. �àî­®�­ ç «  ¨¤¥¨ ¨  «£®à¨â¬ë áâ¥¯¥­­®© £¥®¬¥âà¨¨ ¯à¨¬¥­ïîâáï ¤«ï ¨§ãç¥­¨ï ®¤­®Ä£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¡¥§ ¯ à ¬¥âà®¢. � �¤®¬ã¤¨ää¥à¥­æ¨ «ì­®¬ã ¬®­®¬ã áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ â®çª  ¢ R

n { ¥£® ¢¥ªâ®à­ë©¯®ª § â¥«ì áâ¥¯¥­¨. �¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ¥£®­®á¨â¥«ì { ¬­®�¥áâ¢® ¢¥ªâ®à­ëå ¯®ª § â¥«¥© áâ¥¯¥­¨ ¥£® ¬®­®¬®¢. Ǒ®ª §ë¢ ¥âáï,ª ª ¯® ­®á¨â¥«î ãà ¢­¥­¨ï á ¯®¬®éìî «¨­¥©­®©  «£¥¡àë ¢ëç¨á«ïîâáï ¢¨¤ë ¥£®  ¢Äâ®¬®¤¥«ì­ëå à¥è¥­¨©. � ª ç¥áâ¢¥ ¯à¨¬¥à®¢ à áá¬ âà¨¢ îâáï ãà ¢­¥­¨ï ¯à®æ¥áá £®à¥­¨ï ¡¥§ ¨áâ®ç­¨ª  ¨ á ¨áâ®ç­¨ª®¬. �«ï ª¢ §¨®¤­®à®¤­®£® ®¡ëª­®¢¥­­®£® ¤¨äÄä¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï íâ®â ¯®¤å®¤ ¯®§¢®«ï¥â â ª�¥ ¯®­¨� âì ¯®àï¤®ª ¨ ã¯à®Äé âì ­¥ª®â®àë¥ £à ­¨ç­ë¥ § ¤ ç¨. � â¥¬ ä®à¬ã«¨àãîâáï ®¡®¡é¥­¨ï ¤«ï á¨áâ¥¬ëãà ¢­¥­¨©. �à®¬¥ â®£®, ¤ ¥âáï ª« áá¨ä¨ª æ¨ï ãà®¢­¥© á«®�­®áâ¨ § ¤ ç áâ¥¯¥­­®©£¥®¬¥âà¨¨. �â  ª« áá¨ä¨ª æ¨ï á®¤¥à�¨â 4 ãà®¢­ï ¨ ®á­®¢ ­  ­  á«®�­®áâ¨ £¥®¬¥âÄà¨ç¥áª¨å ®¡ê¥ªâ®¢, á®®â¢¥âáâ¢ãîé¨å â®© ¨«¨ ¨­®© § ¤ ç¥ ¢ ¯à®áâà ­áâ¢¥ ¯®ª § Äâ¥«¥© áâ¥¯¥­¥©. Ǒà¨¢®¤¨âáï áà ¢­¨â¥«ì­ë© ®¡§®à íâ¨å ®¡ê¥ªâ®¢ ¨ ®á­®¢ ­­ëå ­ ­¨å á¯®á®¡®¢  ­ «¨§  à¥è¥­¨© á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, á¨áâ¥¬ ®¡ëª­®Ä¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ á¨áâ¥¬ ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå.�ª §ë¢ îâáï ­¥ª®â®àë¥ à ¡®âë, ¢ ª®â®àëå íää¥ªâ¨¢­® ¯à¨¬¥­ï«¨áì ¬¥â®¤ë áâ¥¯¥­Ä­®© £¥®¬¥âà¨¨.�¨¡«¨®£à ä¨ï: 110 ­ §¢ ­¨©.�����������¢¥¤¥­¨¥ 4
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4 �.�. ������¢¥¤¥­¨¥�â¥¯¥­­ ï £¥®¬¥âà¨ï { íâ® ­®¢®¥ ¨áç¨á«¥­¨¥, à §¢¨¢ îé¥¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ¨áÄç¨á«¥­¨¥ ¨ ­ æ¥«¥­­®¥ ­  ­¥«¨­¥©­ë¥ § ¤ ç¨. �á­®¢­ ï ¥¥ ª®­æ¥¯æ¨ï § ª«îç ¥âáï ¢¨§ãç¥­¨¨ ­¥«¨­¥©­ëå § ¤ ç ­¥ ¢ ¨áå®¤­ëå ª®®à¤¨­ â å,   ¢ «®£ à¨ä¬ å íâ¨å ª®®à¤¨Ä­ â. �®£¤  ¬­®£¨¬ á¢®©áâ¢ ¬ ¨ á®®â­®è¥­¨ï¬, ­¥«¨­¥©­ë¬ ¢ ¨áå®¤­ëå ª®®à¤¨­ â å,¬®�­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ®¯à¥¤¥«¥­­ë¥ «¨­¥©­ë¥ á®®â­®è¥­¨ï. �«£®à¨â¬ëáâ¥¯¥­­®© £¥®¬¥âà¨¨ ®á­®¢ ­ë ­  íâ¨å «¨­¥©­ëå á®®â­®è¥­¨ïå; ®­¨ ¯®§¢®«ïîâ ã¯à®Äé âì ãà ¢­¥­¨ï, à §à¥è âì ¨å ®á®¡¥­­®áâ¨, ¢ë¤¥«ïâì ¨å ¯¥à¢ë¥ ¯à¨¡«¨�¥­¨ï ¨ ­ Äå®¤¨âì «¨¡® ¨å à¥è¥­¨ï, «¨¡®  á¨¬¯â®â¨ª¨ ¨å à¥è¥­¨©. Ǒ®á«¥ ®¤­®£® è £  â ª¨åã¯à®é îé¨å ¯à¥®¡à §®¢ ­¨© ¬®�­® «¥£ª® ¯®«ãç¨âì áâ¥¯¥­­ë¥ à¥è¥­¨ï ¨«¨ áâ¥¯¥­Ä­ë¥  á¨¬¯â®â¨ª¨à¥è¥­¨©. Ǒ®á«¥ ªà â­®£® ¯à¨¬¥­¥­¨ï íâ¨å  «£®à¨â¬®¢¬®�­® «¥£ª®¯®«ãç¨âì à¥è¥­¨ï ¨«¨ ¨å  á¨¬¯â®â¨ª¨, á®¤¥à� é¨¥ ªà â­ë¥ «®£ à¨ä¬ë ¨ íªá¯®­¥­Äâë. �â®â ¯®¤å®¤ ¯®§¢®«ï¥â â ª�¥ ¢ëç¨á«ïâì  á¨¬¯â®â¨ç¥áª¨¥ ¨ «®ª «ì­ë¥ à §«®�¥Ä­¨ï à¥è¥­¨©. �«£®à¨â¬ë áâ¥¯¥­­®© £¥®¬¥âà¨¨ ¯à¨¬¥­¨¬ë ª ãà ¢­¥­¨ï¬ à §­ëå â¨Ä¯®¢:  «£¥¡à ¨ç¥áª¨¬, ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ¨ ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå,  â ª�¥ { ª á¨áâ¥¬ ¬ â ª¨å ãà ¢­¥­¨©. �«¥¬¥­â à­ë¬ ¢¢¥¤¥­¨¥¬ ¢ áâ¥¯¥­­ãî £¥®¬¥âÄà¨î ¤«ï  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨ ¤«ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥Ä­¨© á«ã� â á®®â¢¥âáâ¢¥­­® £« ¢ë I ¨ II ª­¨£¨ [18℄. �®«¥¥ ¯à®¤¢¨­ãâ®¥ ¨§«®�¥­¨¥ ¤«ï¢á¥å â¨¯®¢ ãà ¢­¥­¨© á¬. ¢ ª­¨£¥ [30℄.�¤¥áì ¨¤¥¨ ¨  «£®à¨â¬ë áâ¥¯¥­­®© £¥®¬¥âà¨¨ á­ ç «  ¯à¨¬¥­ïîâáï ¤«ï ®¤­®£®¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¡¥§ ¯ à ¬¥âà®¢. � ¨¬¥­­®,ª �¤®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ¬®­®¬ã áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ â®çª  ¢ Rn { ¥£® ¢¥ªÄâ®à­ë© ¯®ª § â¥«ì áâ¥¯¥­¨. �¨ää¥à¥­æ¨ «ì­®¬ã ¯®«¨­®¬ã, ª®â®àë© ï¢«ï¥âáï ª®Ä­¥ç­®© áã¬¬®© ¤¨ää¥à¥­æ¨ «ì­ëå ¬®­®¬®¢, áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ¥£® ­®á¨â¥«ì {¬­®�¥áâ¢® ¢¥ªâ®à­ëå ¯®ª § â¥«¥© áâ¥¯¥­¨ ¥£® ¬®­®¬®¢. �ää¨­­ ï ®¡®«®çª  ­®á¨â¥Ä«ï ­ §ë¢ ¥âáï á¢¥àå­®á¨â¥«¥¬,   ¥¥ à §¬¥à­®áâì { à §¬¥à­®áâìî ¤¨ää¥à¥­æ¨ «ì­®£®¯®«¨­®¬ . � �¤®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ¯®«¨­®¬ã á®®â¢¥âáâ¢ã¥â ¤¨ää¥à¥­æ¨ «ìÄ­®¥ ãà ¢­¥­¨¥, ¯®«ãç¥­­®¥ ¯à¨à ¢­¨¢ ­¨¥¬ íâ®£® ¯®«¨­®¬  ­ã«î. � ª®¥ ãà ¢­¥­¨¥¨¬¥¥â ­®á¨â¥«ì, á¢¥àå­®á¨â¥«ì ¨ à §¬¥à­®áâì, ®¯à¥¤¥«ï¥¬ë¥ ¯® ¯®«¨­®¬ã. �á«¨ à §Ä¬¥à­®áâì ¬¥­ìè¥ n, â® ¤¨ää¥à¥­æ¨ «ì­ë© ¯®«¨­®¬ ï¢«ï¥âáï ª¢ §¨®¤­®à®¤­ë¬ ¨ á®Ä®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨¥ ¨¬¥¥â ª¢ §¨®¤­®à®¤­ë¥ ( ¢â®¬®¤¥«ì­ë¥) à¥è¥­¨ï. � ª®¥à¥è¥­¨¥ ®¯à¥¤¥«ï¥âáï äã­ªæ¨¥© ®â ¬¥­ìè¥£® ç¨á«  ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå. �¤¥áì¯®ª § ­®, ª ª ¯® ­®á¨â¥«î ãà ¢­¥­¨ï á ¯®¬®éìî «¨­¥©­®©  «£¥¡àë ¢ëç¨á«ïîâáï ¢¨Ä¤ë ¥£®  ¢â®¬®¤¥«ì­ëå à¥è¥­¨© ¨ ª ª ã¯à®é ¥âáï á ¬® ãà ¢­¥­¨¥ á ¯®¬®éìî áâ¥¯¥­Ä­®£® ¯à¥®¡à §®¢ ­¨ï («¨­¥©­®£® ¢ «®£ à¨ä¬ å ª®®à¤¨­ â). � ª ç¥áâ¢¥ ¯à¨¬¥à®¢ à áÄá¬®âà¥­ë ãà ¢­¥­¨ï ¯à®æ¥áá  £®à¥­¨ï ¡¥§ ¨áâ®ç­¨ª  ¨ á ¨áâ®ç­¨ª®¬.�«ï ª¢ §¨®¤­®à®¤­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï íâ®â ¯®¤å®¤¯®§¢®«ï¥â ­ å®¤¨âì ¥£® áâ¥¯¥­­ë¥ à¥è¥­¨ï, ¯®­¨� âì ¯®àï¤®ª ¨ ã¯à®é âì ­¥ª®â®Äàë¥ £à ­¨ç­ë¥ § ¤ ç¨. �ä®à¬ã«¨à®¢ ­ë®¡®¡é¥­¨ï ¤«ï á¨áâ¥¬ë¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨©.�à®¬¥ â®£®, ¤ ­  ª« áá¨ä¨ª æ¨ï ãà®¢­¥© á«®�­®áâ¨ § ¤ ç áâ¥¯¥­­®© £¥®¬¥âà¨¨.�â  ª« áá¨ä¨ª æ¨ï á®¤¥à�¨â 4 ãà®¢­ï ¨ ®á­®¢ ­  ­  á«®�­®áâ¨ £¥®¬¥âà¨ç¥áª¨å ®¡êÄ� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®Ä¢ ­¨© (£à ­â ò 99-01-01063).



������������� ������� � ���Ǒ����� ��������� 5¥ªâ®¢, á®®â¢¥âáâ¢ãîé¨å â®© ¨«¨ ¨­®© § ¤ ç¥ ¢ ¯à®áâà ­áâ¢¥ ¯®ª § â¥«¥© áâ¥¯¥­¥©.� ­ áà ¢­¨â¥«ì­ë© ®¡§®à íâ¨å ®¡ê¥ªâ®¢ ¨ ®á­®¢ ­­ëå ­  ­¨å á¯®á®¡®¢  ­ «¨§  à¥è¥Ä­¨© á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨© ¨ á¨áâ¥¬ë ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå. �ª § ­ë ­¥ª®â®àë¥ à ¡®âë,¢ ª®â®àëå íää¥ªâ¨¢­® ¯à¨¬¥­ï«¨áì ¬¥â®¤ë áâ¥¯¥­­®© £¥®¬¥âà¨¨.�«ï íª®­®¬¨¨ ¬¥áâ  ¢¥ªâ®àë § ¯¨áë¢ îâáï ª ª ¬ âà¨æë-áâà®ª¨, ­® ¢ ¬ âà¨ç­ëå®¯¥à æ¨ïå ®­¨ ¯à¥¤¯®« £ îâáï ¬ âà¨æ ¬¨-áâ®«¡æ ¬¨. �á«¨ A { ¬ âà¨æ , â® A∗ {âà ­á¯®­¨à®¢ ­­ ï ¬ âà¨æ A. �«ï ¢¥ªâ®à®¢ âà ­á¯®­¨à®¢ ­¨¥ ­¥ ®£®¢ à¨¢ ¥âáï.
§1. �®á¨â¥«¨ äã­ªæ¨¨Ǒãáâì X = (x1; : : : ; xn) ∈ Kn, £¤¥ K ¥áâì C ¨«¨ R,   Q = (q1; : : : ; qn) ∈ Rn; ç¥à¥§XQ ¡ã¤¥¬ ®¡®§­ ç âì ¬®­®¬ xq11 · · ·xqnn . �ã¬¬¥(1.1) f(X) = ∑ fQXQ ¯® Q ∈ S;¢ ª®â®à®© ª®íää¨æ¨¥­âë fQ ∈ K ¨ ¢á¥ ¯®¤®¡­ë¥ ç«¥­ë ¯à¨¢¥¤¥­ë, ¯®áâ ¢¨¬ ¢ á®®âÄ¢¥âáâ¢¨¥ ¬­®�¥áâ¢®(1.2) S(f) = {Q : fQ 6= 0}¢ ¯à®áâà ­áâ¢¥ Rn. �â® ¬­®�¥áâ¢® S(f) ­ §ë¢ ¥âáï ­®á¨â¥«¥¬ áã¬¬ë (1.1) [18℄.Ǒãáâì SS(f) { ­ ¨¬¥­ìè¥¥ «¨­¥©­®¥ ¬­®£®®¡à §¨¥ ¢Rn, á®¤¥à� é¥¥ ¬­®�¥áâ¢®S(f);­ §®¢¥¬ ¥£® á¢¥àå­®á¨â¥«¥¬ áã¬¬ë (1.1). �¨á«® d(f) def= dimSS(f) ­ §®¢¥¬ à §¬¥àÄ­®áâìî áã¬¬ë (1.1).�á«¨ äã­ªæ¨ï f(X) ­¥ ï¢«ï¥âáï áã¬¬®© ¢¨¤  (1.1), â® ®­  ¬®�¥â ­¥ ¨¬¥âì â®ç¥çÄ­®£® ­®á¨â¥«ï (1.2), ­® ¬®�¥â ¨¬¥âì á¢¥àå­®á¨â¥«ì SS(f). Ǒãáâì d < n, ¢¥ªâ®àëB1; : : : ; Bd ∈ Rn «¨­¥©­® ­¥§ ¢¨á¨¬ë ¨ ¢¥ªâ®à R ∈ Rn. Ǒãáâì g(y1; : : : ; yd) { ¯à®¨§Ä¢®«ì­ ï £« ¤ª ï äã­ªæ¨ï á¢®¨å  à£ã¬¥­â®¢, ¯à¨ç¥¬ �g=�yj 6≡ 0, j = 1; : : : ; d. �®£¤ «¨­¥©­®¥ ¬­®£®®¡à §¨¥ ¢ Rn(1.3) {Q : Q = R+ d∑j=1�jBj ; �j ∈ R

n}­ §®¢¥¬ á¢¥àå­®á¨â¥«¥¬ äã­ªæ¨¨(1.4) f(X) = XRg(XB1 ; : : : ; XBd)¨ ®¡®§­ ç¨¬ SS(f). �«ï áã¬¬ë (1.1) ®¡  ®¯à¥¤¥«¥­¨ï á¢¥àå­®á¨â¥«ï SS(f) á®¢¯ ¤ Äîâ. �¨á«® d(f) def= dimSS(f) ­ §®¢¥¬ à §¬¥à­®áâìî äã­ªæ¨¨ (1.4).Ǒà¨¬¥à 1. Ǒãáâì n = 2 ¨ f = x1+x2. �®£¤  ­®á¨â¥«ì S(f) á®áâ®¨â ¨§ ¤¢ãå â®ç¥ªE1 = (1; 0) ¨ E2 = (0; 1),   á¢¥àå­®á¨â¥«ì ¯® ¯¥à¢®¬ã ®¯à¥¤¥«¥­¨î íâ® ¯àï¬ ï(1.5) q1 + q2 = 1;



6 �.�. �����¯à®å®¤ïé ï ç¥à¥§ â®çª¨E1 ¨E2, ¯®íâ®¬ã d(f) = 1. �¥ ­®à¬ «ì­ë© ¢¥ªâ®àN = (1; 1).�á«¨ § ¯¨á âì f ¢ ¢¨¤¥ (1.4) ª ª f = x1(1 + x−11 x2), â® d = 1, B1 = N ¨ ¯® ¢â®à®¬ã®¯à¥¤¥«¥­¨î (1.3) á¢¥àå­®á¨â¥«ì SS(f) íâ® ¯àï¬ ï(1.6) SS(f) = {Q : Q = (1; 0) + �(−1; 1); � ∈ R
}á ­ ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬ B1 = (−1; 1). Ǒà¨ � = 0 ¨ � = 1 ®­  ¯à®å®¤¨â ç¥à¥§â®çª¨ E1 ¨ E2 á®®â¢¥âáâ¢¥­­®, â.¥. á®¢¯ ¤ ¥â á ¯àï¬®© (1.5). � ¯¨á¨ (1.5) ¨ (1.6) íâ®¤¢®©áâ¢¥­­ë¥ ®¯¨á ­¨ï [51℄ ®¤­®© ¨ â®© �¥ ¯àï¬®©.� áá¬®âà¨¬ â¥¯¥àì ¯à®áâà ­áâ¢® Rn

∗ , ¤¢®©áâ¢¥­­®¥ ª ¯à®áâà ­áâ¢ã Rn. � ª çâ®¤«ï P = (p1; : : : ; pn) ∈ Rn
∗ ¨ Q = (q1; : : : ; qn) ∈ Rn ®¯à¥¤¥«¥­® áª «ïà­®¥ ¯à®¨§¢¥¤¥Ä­¨¥ 〈P;Q〉 = p1q1 + · · ·+ pnqn.Ǒãáâì K { ­¥ª®â®à®¥ «¨­¥©­®¥ ¬­®£®®¡à §¨¥ ¢ Rn ¨ N = N(K) { ¬ ªá¨¬ «ì­®¥«¨­¥©­®¥ ¯®¤¯à®áâà ­áâ¢® ¢ Rn

∗ , ­®à¬ «ì­®¥ ª ¬­®£®®¡à §¨îK. �«ï äã­ªæ¨¨ f ¢¨Ä¤  (1.4) ¢¬¥áâ¥ á® á¢¥àå­®á¨â¥«¥¬ SS(f) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¥£® ­®à¬ «ì­®¥ ¯®¤Ä¯à®áâà ­áâ¢®N(f) def= N(SS(f)) ⊂ Rn
∗ . Ǒãáâì ¢¥ªâ®àëN1; : : : ; Nn−d ∈ Rn

∗ «¨­¥©­®­¥§ ¢¨á¨¬ë ¨ ­®à¬ «ì­ë ª ¢¥ªâ®à ¬ B1; : : : ; Bd, â®£¤  ®­¨ ®¡à §ãîâ ¡ §¨á ­®à¬ «ìÄ­®£® ¯®¤¯à®áâà ­áâ¢ N(f) äã­ªæ¨¨ (1.4).
§2. �®á¨â¥«¨ ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®¬ �ã¤¥¬ èâà¨å®¬ ¢ë¤¥«ïâì ¢¥ªâ®àë ¤«¨­ë n− 1. � ª,X ′ = (x1; : : : ; xn−1). �¨ää¥Äà¥­æ¨ «ì­ë¬ ¬®­®¬®¬ a(X) ¢ [26℄, [28℄, [30; £«. VI℄ ­ §ë¢ ¥âáï ¯à®¨§¢¥¤¥­¨¥ áâ¥¯¥Ä­¥© ª®®à¤¨­ âX ¨ ¯à®¨§¢®¤­ëå ¢¨¤ (2.1) �‖L′‖xn=�xl11 · · ·�xln−1n−1 ;£¤¥L′ = (l1; : : : ; ln−1) ∈ Z

n−1+ , â.¥. ¢á¥ li > 0 ¨ æ¥«ë¥,   ‖L′‖ = l1+ · · ·+ ln−1. � �¤®Ä¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ¬®­®¬ã a(X) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ â®çªã Q(a) ∈ Rn (¥£®¢¥ªâ®à­ë© ¯®ª § â¥«ì áâ¥¯¥­¨) ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã: ¬®­®¬ã 
onstXQ á®®â¢¥âÄáâ¢ã¥â â®çª Q; ¯à®¨§¢®¤­®© (2.1) á®®â¢¥âáâ¢ã¥â â®çª (2.2) Q = (−L′; 1); â.¥. Q′ = −L′; qn = 1;  ¯à®¨§¢¥¤¥­¨î ¤¢ãå ¤¨ää¥à¥­æ¨ «ì­ëå ¬®­®¬®¢ a(X) ¨ b(X) áâ ¢¨âáï ¢ á®®â¢¥âÄáâ¢¨¥ â®çª Q(ab) = Q(a) +Q(b). �®­¥ç­ ï áã¬¬  ¤¨ää¥à¥­æ¨ «ì­ëå ¬®­®¬®¢(2.3) f(X) = s∑i=1 ai(X)­ §ë¢ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ¯®«¨­®¬®¬ [26℄, [28℄, [30; £«. VI℄. �­®�¥áâ¢® â®ç¥ªS(f) def= {Q(ai); i = 1; : : : ; s} ­ §ë¢ ¥âáï ­®á¨â¥«¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®Ä¬  (2.3). �¨­¨¬ «ì­®¥ «¨­¥©­®¥ ¬­®£®®¡à §¨¥ SS(f), á®¤¥à� é¥¥ ­®á¨â¥«ì S(f),­ §®¢¥¬ á¢¥àå­®á¨â¥«¥¬ ¯®«¨­®¬  (2.3). �­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï à §¬¥à­®áâìd(f) def= dimSS(f) ¨ ­®à¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢®N(f) def= N(SS(f)) ⊂ R
n
∗ .



������������� ������� � ���Ǒ����� ��������� 7Ǒà¨¬¥à 2. � áá¬®âà¨¬ ®¤­®¬¥à­®¥ ãà ¢­¥­¨¥ ¯à®æ¥áá  £®à¥­¨ï ¡¥§ ¨áâ®ç­¨ª®¢(2.4) ut = (u�ux)x; � = 
onst > 0;¤«ï â¥¬¯¥à âãàë u, ¢à¥¬¥­¨ t ¨ ¥¤¨­áâ¢¥­­®© ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë x[72℄, [90℄. �¤¥áì n = 3,(2.5) x1 = t; x2 = x; x3 = u:�®á¨â¥«ì S á®áâ®¨â ¨§ ¤¢ãå â®ç¥ª Q1 = (−1; 0; 1) ¨ Q2 = (0;−2; 1 + �). �¢¥àåÄ­®á¨â¥«ì SS §¤¥áì { ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã Q1 á ­ ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬B = Q2 − Q1 = (1;−2; �), â.¥. ¯àï¬ ï {Q : Q1 + �B, � ∈ R}. �«¥¤®¢ â¥«ì­®, d = 1.�®à¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢®N ¤¢ã¬¥à­® á ¡ §¨á®¬N1 = (2; 1; 0) ¨N2 = (0; �; 2).
§3. �¯¥à â®àë �¨�¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ f(X) = 0, á®®â¢¥âáâ¢ãîé¥¥ ¯®«¨­®¬ã (2.3), ¤®¯ãáÄª ¥â ®¯¥à â®à �¨(3.1) n∑i=1 �ixi ��xi ;¥á«¨ íâ® ãà ¢­¥­¨¥ ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® § ¬¥­ë ª®®à¤¨­ â(3.2) x̃i = xi��i ; � ∈ R; � > 0; i = 1; : : : ; n;â.¥. ï¢«ï¥âáï ª¢ §¨®¤­®à®¤­ë¬ (á¬. [60℄, [84℄).�¥®à¥¬  1. �¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ f(X) = 0, á®®â¢¥âáâ¢ãîé¥¥ ¯®«¨Ä­®¬ã (2:3), ¤®¯ãáª ¥â ®¯¥à â®à �¨ (3:1), ¥á«¨ ¢¥ªâ®à � = (�1; : : : ; �n) ∈ N(f).�®ª § â¥«ìáâ¢®. Ǒà¨ ¯®¤áâ ­®¢ª¥ (3.2) ¬®­®¬ XQ = �−〈�;Q〉X̃Q, ¯à®¨§¢®¤Ä­ ï (2.1) �‖L′‖xn=�xl11 · · ·�xln−1n−1 = �−〈�;Q〉�‖L′‖x̃n=�x̃l11 · · ·�x̃ln−1n−1á ¢¥ªâ®à®¬Q, ãª § ­­ë¬ ¢ (2.2),   ¯à®¨§¢¥¤¥­¨¥ ¬®­®¬®¢ ¨ ¯à®¨§¢®¤­ëå ¯à¨®¡à¥â ¥â¢ ª ç¥áâ¢¥ ¬­®�¨â¥«ï â ªãî áâ¥¯¥­ì �, ª®â®à ï à ¢­  áã¬¬¥ áâ¥¯¥­¥© �, ¯à¨®¡à¥â¥­Ä­ëå ª �¤ë¬ ¨§ á®¬­®�¨â¥«¥©. Ǒ®íâ®¬ã ¯à¨ ¯®¤áâ ­®¢ª¥ (3.2) ¤¨ää¥à¥­æ¨ «ì­ë©¬®­®¬ a(X) ¯¥à¥å®¤¨â ¢ ¬®­®¬ a(X̃)�−〈�;Q〉, £¤¥ Q = Q(a),   ¤¨ää¥à¥­æ¨ «ì­ë© ¯®Ä«¨­®¬ (2.3) ¯¥à¥å®¤¨â ¢(3.3) s∑i=1 ai(X̃)�−〈�;Qi〉;£¤¥ Qi = Q(ai). �á«¨ ¢¥ªâ®à � ∈ N(f), â® ¢á¥ áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï −〈�; Qi〉¢ (3.3) à ¢­ë ¬¥�¤ã á®¡®© ¤«ï i = 1; : : : ; s. Ǒ®íâ®¬ã f(X) = f(X̃)�−〈�;Q1〉 ¨ ãà ¢Ä­¥­¨¥ f(X) = 0 ¯¥à¥å®¤¨â ¢ á¥¡ï ¯à¨ ¯®¤áâ ­®¢ª¥ (3.2), â.¥. ¤®¯ãáª ¥â ®¯¥à â®à (3.1).�®ª § â¥«ìáâ¢® ®ª®­ç¥­®.



8 �.�. ������á«¨ d def= d(f) < n, â® dimN = n− d > 0, ¨ ãà ¢­¥­¨¥ f(X) = 0 ¤®¯ãáª ¥â n− d«¨­¥©­® ­¥§ ¢¨á¨¬ëå ®¯¥à â®à®¢ (3.1), ª®â®àë¥ «¥£ª® ¢ëç¨á«ïîâáï ¯® S(f).�ëà �¥­¨¥ xn = '(X ′) ­ §ë¢ ¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï f(X) = 0, ¥á«¨f(X ′; '(X ′)) ≡ 0. �¥è¥­¨¥ ­ §ë¢ ¥âáï  ¢â®¬®¤¥«ì­ë¬, ¥á«¨ ®­® ¨­¢ à¨ ­â­®®â­®á¨â¥«ì­® § ¬¥­ ª®®à¤¨­ â, ®¡à §ãîé¨å £àã¯¯ã �¨ [59℄, [84℄. � ç áâ­®áâ¨,à¥è¥­¨¥ ï¢«ï¥âáï  ¢â®¬®¤¥«ì­ë¬, ¥á«¨ ®­® ¤®¯ãáª ¥â ®¯¥à â®à ¢¨¤  (3.1), â.¥.¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® § ¬¥­ (3.2). �®�­® ¨áª âì â ª¨¥  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ïxn = '(X ′) ãà ¢­¥­¨ï f(X) = 0, ª®â®àë¥ ¤®¯ãáª îâ ­¥ª®â®àë¥ ¨§ ®¯¥à â®à®¢ (3.1),¤®¯ãáª ¥¬ëå ãà ¢­¥­¨¥¬. �á«¨ à¥è¥­¨¥ xn = '(X ′) ¤®¯ãáª ¥â ®¯¥à â®à (3.1), â®á®®â¢¥âáâ¢ãîé¨© á¢¥àå­®á¨â¥«ìSS(xn−'(X ′)) ­®à¬ «¥­ ª ¢¥ªâ®àã�. �«ïà §­®áâ¨xn − '(X ′) á¢¥àå­®á¨â¥«ì ®¡ï§ â¥«ì­® ¯à®å®¤¨â ç¥à¥§ â®çªã Q = En = (0; : : : ; 0; 1),á®®â¢¥âáâ¢ãîéãî ç«¥­ã xn,   á¢¥àå­®á¨â¥«ì SS('(X ′)) à á¯®«®�¥­ ¢ £¨¯¥à¯«®áª®áÄâ¨ qn = 0. Ǒ®íâ®¬ã á¢¥àå­®á¨â¥«ì SS(xn − '(X ′)) à á¯®«®�¥­ ¢ £¨¯¥à¯«®áª®áâ¨(3.4) {Q : 〈�; Q〉 = �n}:�­  ¯¥à¥á¥ª ¥â £¨¯¥à¯«®áª®áâì qn = 0 ¯® «¨­¥©­®¬ã ¬­®£®®¡à §¨î(3.5) {Q′ : 〈�′; Q′〉 = �n};¢ ª®â®à®¬ à á¯®«®�¥­ á¢¥àå­®á¨â¥«ì SS('(X ′)). �á«¨ à¥è¥­¨¥ xn = '(X ′) ¤®¯ãáª Ä¥â ­¥áª®«ìª® ®¯¥à â®à®¢ ¢¨¤  (3.1) á ¢¥ªâ®à ¬¨ �i = (�1i; : : : ; �ni), i = 1; : : : ;m, â®á¢¥àå­®á¨â¥«ì SS('(X ′)) «¥�¨â ¢ «¨­¥©­®¬ ¬­®£®®¡à §¨¨(3.6) {Q′ : 〈�′i; Q′〉 = �ni; i = 1; : : : ;m}:Ǒà¨¬¥à 3 (¯à®¤®«�¥­¨¥ ¯à¨¬¥à  2). �à ¢­¥­¨¥ (2.4) ¤®¯ãáª ¥â ®¯¥à â®àë (3.1) á� = N1 ¨ � = N2.
§4. �¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï�«ï áã¬¬ë (2.3) ¥¥ á®¡áâ¢¥­­®© ¯®¤áã¬¬®© �f ­ §®¢¥¬ áã¬¬ã ­¥ª®â®à®£® ç¨á«  s1¥¥ á« £ ¥¬ëå ai(X), £¤¥ 0 < s1 6 s.�¥®à¥¬  2. Ǒãáâì xn = '(X ′) { â ª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï f(X) = 0, á®Ä®â¢¥âáâ¢ãîé¥£® ¯®«¨­®¬ã (2:3), çâ® ­¨ª ª ï á®¡áâ¢¥­­ ï ¯®¤áã¬¬  �f áã¬Ä¬ë (2:3) á dim( �f) < dim(f) ­¥ ®¡à é ¥âáï ¢ ­ã«ì â®�¤¥áâ¢¥­­® ­  íâ®¬ à¥Äè¥­¨¨. �®£¤ (4.1) N(xn − '(X ′)) ⊂ N(f):



������������� ������� � ���Ǒ����� ��������� 9�®ª § â¥«ìáâ¢®. Ǒãáâì ¢¥ªâ®à � ∈ N(xn − '(X ′)), â®£¤  á®£« á­® (3.5) �n =
〈�′; Q′〉, £¤¥ Q′ ¯à®¡¥£ ¥â á¢¥àå­®á¨â¥«ì äã­ªæ¨¨ '(X ′). Ǒà¨ ¯®¤áâ ­®¢ª¥ (3.2) ¤¨äÄä¥à¥­æ¨ «ì­ë© ¯®«¨­®¬ (2.3) ¯à¨®¡à¥â ¥â ¢¨¤ (3.3). Ǒ®áª®«ìªã xn = '(X ′) { à¥Äè¥­¨¥ ãà ¢­¥­¨ï f(X) = 0, ¨­¢ à¨ ­â­®¥ ¯à¨ ¯®¤áâ ­®¢ª¥ (3.2), â.¥. x̃n = '(X̃ ′)ï¢«ï¥âáï â¥¬ �¥ à¥è¥­¨¥¬, â® ­  ­¥¬(4.2) s∑i=1 ai(X̃)�−〈�;Qi〉 = 0:Ǒãáâì à §«¨ç­ë¥ §­ ç¥­¨ï áª «ïà­ëå ¯à®¨§¢¥¤¥­¨© 〈�; Qi〉 áãâì 
1 < 
2 < · · · < 
t.�¡®§­ ç¨¬ ç¥à¥§ Ir ­ ¡®à ¢á¥å â ª¨å ¨­¤¥ªá®¢ i, çâ® 〈�; Qi〉 = 
r, r = 1; : : : ; t. �¯à¥Ä¤¥«¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ ¯®«¨­®¬ëfr(X) def= ∑ ai(X) ¯® i ∈ Ir ; r = 1; : : : ; t:�®£¤  à ¢¥­áâ¢® (4.2) ¯à¨­¨¬ ¥â ¢¨¤t∑r=1�−
rfr(X̃) = 0:Ǒ®áª®«ìªã íâ® à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å � > 0, â® ­  ­ è¥¬ à¥è¥­¨¨ ¢ë¯®«­ïÄîâáï à ¢¥­áâ¢  fr(X̃) = 0; r = 1; : : : ; t;¨ ®­® ï¢«ï¥âáï à¥è¥­¨¥¬ íâ®© á¨áâ¥¬ë ãà ¢­¥­¨©. Ǒ® ¯®áâà®¥­¨î ¯®«¨­®¬®¢ fr(X)¢¥ªâ®à � ∈ N(fr) ¤«ï ¢á¥å r = 1; : : : ; t. �«¥¤®¢ â¥«ì­®,(4.3) � ∈ N(f1) ∩ · · · ∩N(ft):�á«¨ d(fr) = d(f) ¤«ï ª ª®£®-â® r, â®N(fr) = N(f) ¨ á¢®©áâ¢® (4.1) á«¥¤ã¥â ¨§ (4.3).Ǒ® ãá«®¢¨î â¥®à¥¬ë d(fr) = d(f) ¤«ï ¢á¥å r = 1; : : : ; t. Ǒ®íâ®¬ã á¢®©áâ¢® (4.1) ¢ëÄ¯®«­¥­®. �á«¨ �¥ d(fr) < d(f) ¤«ï ¢á¥å r ¨ ¯¥à¥á¥ç¥­¨¥ (4.3) ­¥ «¥�¨â ¢ N(f), â®¢ª«îç¥­¨¥ (4.1) ¬®�¥â ­ àãè âìáï (á¬. ­¨�¥ ¯à¨¬¥à 6). �®ª § â¥«ìáâ¢® ®ª®­ç¥­®.Ǒà¨¬¥à 4 (¯à®¤®«�¥­¨¥ ¯à¨¬¥à®¢ 2 ¨ 3). � áá¬®âà¨¬ ãà ¢­¥­¨¥ (2.4) ¢ ª®®à¤¨­ Äâ å (2.5). �á«¨ ç¥à¥§ â®çªãE3 = (0; 0; 1) ¯à®¢¥áâ¨ ¯àï¬ãî, ¯ à ««¥«ì­ãîSS(f), â.¥.á ­ ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬B = (1;−2; �), â® íâ  ¯àï¬ ï ¯¥à¥á¥ª ¥â ¯«®áª®áâì q3 = 0¢ â®çª¥Q4 = (−1=�; 2=�; 0). �¢®©áâ¢® (4.1) ®§­ ç ¥â, çâ® ¤«ï à¥è¥­¨ï x3 = '(x1; x2)ãà ¢­¥­¨ï (2.4) á¢¥àå­®á¨â¥«ì äã­ªæ¨¨ ' ­  ¯«®áª®áâ¨ q3 = 0 «¨¡® á®áâ®¨â ¨§ â®çÄª¨ Q4, «¨¡® ï¢«ï¥âáï ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ íâã â®çªã, «¨¡® á®¢¯ ¤ ¥â á® ¢á¥©¯«®áª®áâìî. Ǒ®íâ®¬ã à¥è¥­¨ï, ®â­®áïé¨¥áï ª ¯¥à¢ë¬ ¤¢ã¬ á«ãç ï¬, ¬®�­® ¨áª âì¢ ¢¨¤¥(4.4) x3 = 
w−1=�1 w2=�2 ;£¤¥ wi = 
i + Æixi, 
i = 
onst, Æi = ±1, i = 1; 2. � ¯¥à¢®¬ á«ãç ¥ 
 = 
onst ¨ ¤«ï
 ¯®«ãç ¥¬ \ «£¥¡à ¨ç¥áª®¥" ãà ¢­¥­¨¥ −Æ1 = 2(2 + �)
�=�. �® ¢â®à®¬ á«ãç ¥ 
 {



10 �.�. �����äã­ªæ¨ï ®â ¯à®¨§¢®«ì­®£® ¬®­®¬  wb1w2. �  ¯«®áª®áâ¨ q3 = 0 ¯àï¬ ï, ¯à®å®¤ïé ïç¥à¥§ â®çªãQ4 á ­ ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬ (b; 1; 0), ¨¬¥¥â ¢¨¤ (q1; q2) = (−1=�; 2=�)+�(b; 1), � ∈ R. �­  ¯¥à¥á¥ª ¥â ®áì q1 ¯à¨ � = −2=� ¢ â®çª¥ á q1 = −(1 + 2b)=�.Ǒ®íâ®¬ã íâã ¯àï¬ãî ¬®�­® â ª�¥ § ¯¨á âì ¢ ¢¨¤¥(q1; q2) = (−(1 + 2b)=�; 0) + �(b; 1);   ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ (4.4), ã ª®â®à®£® á¢¥àå­®á¨â¥«ì ¯à ¢®© ç áâ¨ à á¯®«®�¥­­  íâ®© ¯àï¬®©, ¬®�­® § ¯¨á âì ¢ ¢¨¤¥x3 = w−(1+2b)=�1 v(�); � = wb1w2:Ǒ®¤áâ ¢«ïï íâ® ¢ëà �¥­¨¥ ¢ ãà ¢­¥­¨¥ (2.4) ¨ á®ªà é ï ­  w−1−(1+2b)=�1 , ¤«ï äã­ªÄæ¨¨ v(�) ¯®«ãç ¥¬ ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥Æ1[bv′� − (1 + 2b)v=�℄ = v�v′′ + �v�−1v′2;£¤¥ èâà¨å ®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® �. � ®¡®¨å á«ãç ïå à¥è¥­¨¥ (4.4) ï¢«ï¥âáï  ¢â®Ä¬®¤¥«ì­ë¬, ­® ¨¬¥¥â à §­ãîà §¬¥à­®áâì d(x3−'): ¥¤¨­¨æã ¢ ¯¥à¢®¬ á«ãç ¥ ¨ ¤¢®©ªã¢® ¢â®à®¬ á«ãç ¥. Ǒà¨ Æ1 = −1 ¨ 
1 > 0 à¥è¥­¨¥ (4.4) ¢ ¯¥à¢®¬ á«ãç ¥ ï¢«ï¥âáï à¥è¥Ä­¨¥¬ á ®¡®áâà¥­¨¥¬, â.¥. ãå®¤¨â ¢ ¡¥áª®­¥ç­®áâì §  ª®­¥ç­®¥ ¢à¥¬ï [90℄. �â¨ à¥è¥­¨ï¨§ãç «¨áì ¢ [90; £«. III℄ ¢ §1 ¨ §2 ¤«ï ¯¥à¢®£® ¨ ¢â®à®£® á«ãç ¥¢ á®®â¢¥âáâ¢¥­­®.Ǒà¨¬¥à 5. � áá¬®âà¨¬ ãà ¢­¥­¨¥ ¯à®æ¥áá  £®à¥­¨ï á ¨áâ®ç­¨ª®¬ [72℄, [90℄(4.5) ut = (u�ux)x + u� ; � = 
onst > 0; � = 
onst > 0:�¤¥áì n = 3. � ®¡®§­ ç¥­¨ïå (2.5) ­®á¨â¥«ì S ¤«ï íâ®£® ãà ¢­¥­¨ï á®áâ®¨â ¨§ âà¥åâ®ç¥ªQ1 = (−1; 0; 1),Q2 = (0;−2; � + 1),Q3 = (0; 0; �). �®áâ ¢¨¬ à §­®áâ¨Q2 −Q1 = (1;−2; �) def= B1;Q3 −Q1 = (1; 0; � − 1) def= B2¨ ¢ëç¨á«¨¬ ¨å ¢¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥ N def= [B1; B2℄ = (2 − 2�; 1 + � − �; 2). Ǒ®Äáª®«ìªãN 6= 0 ¯à¨ «î¡ëå §­ ç¥­¨ïå ¯®ª § â¥«¥© � ¨ �, â® ¢¥ªâ®àë B1 ¨ B2 «¨­¥©­®­¥§ ¢¨á¨¬ë¨à §¬¥à­®áâì ãà ¢­¥­¨ï d = 2. �£® á¢¥àå­®á¨â¥«ì ¢R3 ï¢«ï¥âáï ¯«®áª®áÄâìî á ­®à¬ «ì­ë¬ ¢¥ªâ®à®¬N . �¢®©áâ¢® (4.1) ®§­ ç ¥â, çâ® á¢¥àå­®á¨â¥«ì à¥è¥­¨ïx3 = '(w1; w2) «¨¡® á®¢¯ ¤ ¥â á R3, «¨¡® ï¢«ï¥âáï ¯«®áª®áâìî á ­®à¬ «ì­ë¬ ¢¥ªÄâ®à®¬N . Ǒ®áª®«ìªã ¯«®áª®áâì SS(x3 − ') ¯à®å®¤¨â ç¥à¥§ â®çªã E3 = (0; 0; 1), â® ¥¥ãà ¢­¥­¨¥ (3.4) ¥áâì 2(1− �)q1 + (1 + � − �)q2 + 2q3 = 2, ¨ ®­  ¯¥à¥á¥ª ¥â ¯«®áª®áâìq3 = 0 ¯® ¯àï¬®© (3.5), â.¥.(4.6) 2(1− �)q1 + (1 + � − �)q2 = 2:� áá¬®âà¨¬ á­ ç «  á«ãç ©(4.7) � 6= 1:



������������� ������� � ���Ǒ����� ��������� 11� íâ®¬ á«ãç ¥ ¯àï¬ ï (4.6) ¯¥à¥á¥ª ¥â ®áì q1 ¢ â®çª¥ q1 = 1=(1− �). �«¥¤®¢ â¥«ì­®,ãà ¢­¥­¨¥ (4.5) ¨¬¥¥â  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ ¢¨¤ (4.8) u = w1=(1−�)1  (w�1w2); � = −
1 + � − �2(1− �) ;£¤¥ ¢¥ªâ®à (�; 1; 0) ï¢«ï¥âáï ­ ¯à ¢«ïîé¨¬ ¤«ï ¯àï¬®© (4.6), w1 = 
1 + Æ1t,w2 = 
2 + Æ2x, 
1; 
2 = 
onst, Æi = ±1. �ã­ªæ¨ï  (�) ã¤®¢«¥â¢®àï¥â ®¡ëª­®¢¥­­®¬ã¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î(4.9) Æ1( =(1− �) + � ′�) =  ′′ � + � ′2 �−1 +  � ;£¤¥ � = w�1w2 ¨ èâà¨å ®§­ ç ¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® �. � [72℄, [90℄  á¨¬¯â®â¨ª¨¨ «®ª «ì­ë¥ á¢®©áâ¢  ®£à ­¨ç¥­­ëå à¥è¥­¨© ãà ¢­¥­¨ï (4.9) «¨¡® ¯à®áâà ­­® ¨§Äãç îâáï, «¨¡® ¤ îâáï ¡¥§ ®¡êïá­¥­¨© ¤«ï à §«¨ç­ëå §­ ç¥­¨© ¯®ª § â¥«¥© � > 0 ¨� > 1, ­® ¨å ¬®�­® ¯à®áâ® ¨§ãç¨âì ¬¥â®¤ ¬¨ £«. VI [30℄ (á¬. ª®­¥æ íâ®£® ¯à¨¬¥à ).�á«¨ ¯à¨ w1 → 0 äã­ªæ¨ï  (�) ­¥ áâà¥¬¨âáï ª ­ã«î, â® ¯à¨ � > 1 à¥è¥­¨¥ (4.8)áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨, â.¥. ¯à¨ 
1 > 0 ¨ Æ1 = −1 ®­® ï¢«ï¥âáï à¥è¥­¨¥¬ á ®¡®áâÄà¥­¨¥¬ [72℄, [90℄. Ǒà¨ � < 1 ¨ ®£à ­¨ç¥­­®© äã­ªæ¨¨  (�) à¥è¥­¨¥ (4.8) ­¥ áâà¥¬¨âáïª ¡¥áª®­¥ç­®áâ¨ ¯à¨ ª®­¥ç­®¬ t.� áá¬®âà¨¬ â¥¯¥àì á«ãç ©(4.10) � = 1:� íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥ ¯àï¬®© (4.6) ¥áâì q2 = 2=�. Ǒ®íâ®¬ã ãà ¢­¥­¨¥ (4.5) ¢ á«ãÄç ¥ (4.10) ¨¬¥¥â  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥(4.11) x3 = v(t)w2=�2 :�à ¢­¥­¨¥ (4.5) ¤«ï äã­ªæ¨¨ v ¤ ¥â ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥(4.12) _v = !v�+1 + v; ! = 2(2 + �)=�2 = 
onst;£¤¥ â®çª  ®§­ ç ¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® t. �£® à¥è¥­¨ï áãâìln v(!v� + 1)1=� = t+ 
;£¤¥ 
 { ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. Ǒà¨ v → ∞ «¥¢ ï ç áâì ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¨¬¥¥â á¨¬¯â®â¨ªã

−
1� (ln! + 1!v�) :Ǒ®íâ®¬ã ¯à¨ v → ∞ ¨¬¥¥¬ v−� ≈ −�!t + 
1, 
1 = 
onst, â.¥. v ≈ (
1 − �!t)−1=�.�â® ®§­ ç ¥â, çâ® ¢ á«ãç ¥ (4.10) à¥è¥­¨¥ (4.11) ãà ¢­¥­¨ï (4.5) ï¢«ï¥âáï à¥è¥­¨¥¬á ®¡®áâà¥­¨¥¬.�â®â à¥§ã«ìâ â ¬®�­® ¯®«ãç¨âì ¤àã£¨¬ á¯®á®¡®¬: ¬¥â®¤ ¬¨ £«. VI [30℄. � íâ®¬á«ãç ¥ n = 2. �  ¯«®áª®áâ¨ q1; q2 ­®á¨â¥«ì ãà ¢­¥­¨ï (4.12) á®áâ®¨â ¨§ âà¥å â®ç¥ª



12 �.�. �����(−1; 1), (0; � + 1), (0; 1). �å ¢ë¯ãª« ï ®¡®«®çª  ï¢«ï¥âáï âà¥ã£®«ì­¨ª®¬ á ¢¥àè¨Ä­ ¬¨ ¢ íâ¨å â®çª å. �à ­¨æ  âà¥ã£®«ì­¨ª  á®áâ®¨â ¨§ âà¥å ¢¥àè¨­ ¨ âà¥å à¥¡¥à.�¥¡à® âà¥ã£®«ì­¨ª , á®¥¤¨­ïîé¥¥ ¯¥à¢ë¥ ¤¢¥ ¢¥àè¨­ë, ¨¬¥¥â ­®à¬ «ì­ë¬ ª®­ãá®¬«ãç, ­ âï­ãâë© ­  ¢¥ªâ®à (−�; 1). �â®¬ã à¥¡àã á®®â¢¥âáâ¢ã¥â ãª®à®ç¥­­®¥ ãà ¢­¥Ä­¨¥ _v = !v�+1. �­® ¨¬¥¥â áâ¥¯¥­­®¥ à¥è¥­¨¥ v = �w−1=�1 , £¤¥ −Æ1=� = !�, â.¥.� = −Æ1=(�!). �â® à¥è¥­¨¥ ãª®à®ç¥­­®£®ãà ¢­¥­¨ï ï¢«ï¥âáï  á¨¬¯â®â¨ª®©à¥è¥­¨ï¯®«­®£® ãà ¢­¥­¨ï ¯à¨ w1 → 0 ¨ v → ∞, ¨¡® ¢ ¡ §¨á­®¬ ¢¥ªâ®à¥ (−�; 1) ­®à¬ «ì­®£®ª®­ãá  ¯¥à¢ ï ª®®à¤¨­ â  ®âà¨æ â¥«ì­ ,   ¢â®à ï ¯®«®�¨â¥«ì­ .�à¥â¨© á¯®á®¡ { ¯à¨¬¥­¨âì ¬¥â®¤ë £«. III [30℄. � íâ®¬ á«ãç ¥ n = 1. � ¯¨è¥¬ãà ¢­¥­¨¥ (4.12) ¢ ¢¨¤¥ _(ln v) = !v� + 1. �®£¤  ­®á¨â¥«ì íâ®© á¨áâ¥¬ë á®áâ®¨â ¨§¤¢ãå â®ç¥ª q1 = � ¨ q1 = 0. �å ¢ë¯ãª« ï ®¡®«®çª  íâ® ®âà¥§®ª [0; �℄, ¨¡® � > 0.�¥è¥­¨ï¬ á v → ∞ á®®â¢¥âáâ¢ã¥â ¯à ¢ ï ¢¥àè¨­  íâ®£® ®âà¥§ª , â.¥. â®çª  q1 = �.�© á®®â¢¥âáâ¢ã¥â ãª®à®ç¥­­ ï á¨áâ¥¬  _(ln v) = !v�. � «¥¥ ª ª ¢® ¢â®à®¬ á¯®á®¡¥.�¥â¢¥àâë© á¯®á®¡ ¯®«ãç¥­¨ï à¥è¥­¨ï á ®¡®áâà¥­¨¥¬ ¯à¥¤«®�¨« �.�. Ǒ®á èª®¢.Ǒà¨� = 1§ ¬¥­  ũ = ue−t, ~t = (e�t−1)=� ¯¥à¥¢®¤¨âãà ¢­¥­¨¥ (4.5) ¢ ãà ¢­¥­¨¥ (2.4)(á¬. [90; £«. II, §7, ¯. 1℄). Ǒà¨ íâ®¬ à¥è¥­¨ï¬ á ®¡®áâà¥­¨¥¬ (4.4) ãà ¢­¥­¨ï (2.4)á®®â¢¥âáâ¢ãîâ à¥è¥­¨ï á ®¡®áâà¥­¨¥¬ ãà ¢­¥­¨ï (4.5). � ç áâ­®áâ¨, ¬®�­® ¢§ïâìà¥è¥­¨¥ (4.4), ®â­®áïé¥¥áï ª ¯¥à¢®¬ã ( «£¥¡à ¨ç¥áª®¬ã) á«ãç î.�¥®à¥¬ë 1 ¨ 2 ¤ îâ â ª®©  «£®à¨â¬ ¤«ï ­ å®�¤¥­¨ï ¢á¥å  ¢â®¬®¤¥«ì­ëå à¥è¥­¨©,ª®â®àë© áãé¥áâ¢¥­­® ¯à®é¥, ç¥¬ âà ¤¨æ¨®­­ë© á¯®á®¡ ¢ëç¨á«¥­¨ï ®¯¥à â®à®¢ �¨,¤®¯ãáª ¥¬ëå ¤ ­­ë¬ ãà ¢­¥­¨¥¬ [59℄, [84℄. Ǒà®¢¥àª  ¢ª«îç¥­¨ï (4.1) ¤«ï à¥§ã«ìâ Äâ®¢, ¯à¨¢¥¤¥­­ëå ¢ [60℄, ¢ëï¢¨«  â ¬ àï¤ ®¯¥ç â®ª ¨ ­¥â®ç­®áâ¥©. �¥ª®â®àë¥ ¨§ ­¨å®¡áã�¤ îâáï ­¨�¥ ¢ ¯à¨¬¥à¥ 6. �ã¤ï ¯® [60℄, áà¥¤¨ ¢á¥å á¨¬¬¥âà¨© ¤¨ää¥à¥­æ¨ «ìÄ­ëå ãà ¢­¥­¨© ¯à¨¬¥à­® 70% á®áâ ¢«ïîâ á¨¬¬¥âà¨¨, á®®â¢¥âáâ¢ãîé¨¥ ®¯¥à â®à ¬¢¨¤  (3.1), â.¥. áâ¥¯¥­­ë¥ ¨ «®£ à¨ä¬¨ç¥áª¨¥.Ǒà¨¬¥à 6. Ǒà®¢¥àª  ¢ª«îç¥­¨ï (4.1) ¤«ï à¥§ã«ìâ â®¢, ¯à¨¢¥¤¥­­ëå ¢ [60℄, ¢ëÄï¢¨«  â ¬ á«¥¤ãîé¨¥ âà¨ á«ãç ï ¥£® ­ àãè¥­¨ï.1. �âà ­¨æ  120, áâà®ª  12 [60℄ (á¬. â ª�¥ [83℄). �à ¢­¥­¨¥ ut = (k(u)ux)x ¯à¨k = u−4=3, à¥è¥­¨¥ u = x−3f(t). �¤¥áì n = 3, x1 = t, x2 = x, x3 = u. �®á¨Äâ¥«ì ãà ¢­¥­¨ï á®áâ®¨â ¨§ ¤¢ãå â®ç¥ª Q1 = (−1; 0; 1) ¨ Q2 = (0;−2;−1=3), ¥£® à §Ä¬¥à­®áâì d = 1. � ¯à ¢«ïîé¨© ¢¥ªâ®à á¢¥àå­®á¨â¥«ï ãà ¢­¥­¨ï ¥áâì B def= Q2 −Q1 = (1;−2;−4=3). �á«¨ f(t) { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, â® á¢¥àå­®á¨â¥«ì à¥è¥­¨ï ¯ Äà ««¥«¥­ ¢¥ªâ®àã E1 = (1; 0; 0); ªà®¬¥ â®£®, ®­ ¯à®å®¤¨â ç¥à¥§ â®çª¨ E3 = (0; 0; 1) ¨Q3 = (0;−3; 0), â.¥. ¯ à ««¥«¥­ ¢¥ªâ®àã E3 −Q3 = (0; 3; 1) def= B2. �¥ªâ®à­®¥ ¯à®¨§Ä¢¥¤¥­¨¥ [E1; B2℄ = (0;−1; 3) def= N ï¢«ï¥âáï ­®à¬ «ì­ë¬ ¢¥ªâ®à®¬ ª á¢¥àå­®á¨â¥«îà¥è¥­¨ï. �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ 〈N;B〉 = −2 6= 0, â.¥. á¢®©áâ¢® (4.1) ­¥ ¢ë¯®«­¥Ä­®. � ©¤¥¬ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ f(t). Ǒ®¤áâ ¢«ïï ãª § ­­®¥ à¥è¥­¨¥ ¢ ¨áå®¤­®¥ãà ¢­¥­¨¥, ¯®«ãç ¥¬ ¤«ï f(t) ãà ¢­¥­¨¥ f ′ = 0. �«¥¤®¢ â¥«ì­®, f(t) = 
onst. � íâ®¬á«ãç ¥ ­®á¨â¥«ì à¥è¥­¨ï á®áâ®¨â ¨§ ¤¢ãå â®ç¥ª E3 ¨ Q3,   ­ ¯à ¢«ïîé¨© ¢¥ªâ®àá¢¥àå­®á¨â¥«ï à¥è¥­¨ï ¥áâì B2. �­ ­¥ ª®««¨­¥ à¥­ ¢¥ªâ®àã B, ¨ á¢®©áâ¢® (4.1) â¥Ä®à¥¬ë 2 ­¥ ¢ë¯®«­¥­®. �® ­  íâ®¬ à¥è¥­¨¨ ãá«®¢¨¥ â¥®à¥¬ë 2 â ª�¥ ­¥ ¢ë¯®«­¥­®,¨¡® ut ≡ 0 ¨ (u−4=3ux)x ≡ 0, â.¥. ®¡à é îâáï ¢ ­ã«ì ®¡¥ ç áâ¨ ¨áå®¤­®£® ãà ¢­¥Ä­¨ï. � �¤ ï ¨§ ­¨å ¨¬¥¥â ­ã«¥¢ãî à §¬¥à­®áâì, ¨ ¤«ï ª �¤®© ¨§ ­¨å á¢®©áâ¢® (4.1)¢ë¯®«­¥­®. �â® ¯®ª §ë¢ ¥â, çâ® ¢ â¥®à¥¬¥ 2 ãá«®¢¨¥ ­  à¥è¥­¨¥ áãé¥áâ¢¥­­®.



������������� ������� � ���Ǒ����� ��������� 132. �âà ­¨æ  196, ¯. 11.10 [60℄. �«ï ãà ¢­¥­¨ï(4.13) ut + uux + �uttt = 0ãª § ­®  ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥(4.14) u = t2U(t−3x):�¤¥áì n = 3, x1 = t, x2 = x, x3 = u. �®á¨â¥«ì ãà ¢­¥­¨ï (4.13) á®áâ®¨â ¨§ âà¥å â®ç¥ªQ1 = (−1; 0; 1),Q2 = (0;−1; 2),Q3 = (−3; 0; 1). �å à §­®áâ¨ áãâìB1 def= Q2 −Q1 = (1;−1; 1);B2 def= Q3 −Q1 = (−2; 0; 0):�¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥ [B1; B2℄ = −(0; 2; 2). �«¥¤®¢ â¥«ì­®, ­®à¬ «ìî ª á¢¥àå­®Äá¨â¥«î ãà ¢­¥­¨ï (4.13) ï¢«ï¥âáï ¢¥ªâ®à N1 = (0; 1; 1),   ­¥ ¢¥ªâ®à � = (1; 3; 2),ãª § ­­ë© ¢ [60℄ ¤«ï ®¯¥à â®à  X3 ¨ ï¢«ïîé¨©áï ­®à¬ «ìî ª á¢¥àå­®á¨â¥«î à¥è¥Ä­¨ï (4.14). Ǒ®è¥¢¥«¨¬ ª®®à¤¨­ âë ¢¥ªâ®à®¢ Qi â ª, çâ®¡ë ¯®«ãç¨âì ¢¥ªâ®à­®¥ ¯à®Ä¨§¢¥¤¥­¨¥, à ¢­®¥−�. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¢¬¥áâ®Q3 ¢§ïâì Q4 = (−3; 0; 2), â®B3 def= Q4 −Q3 = (−2; 0; 1)¨ ¢¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥ [B1; B3℄ = −(1; 3; 2). �«¥¤®¢ â¥«ì­®, ¢ ãà ¢­¥­¨¨ (4.13)¨¬¥¥âáï ®¯¥ç âª : â ¬ ¯à®¯ãé¥­ ¬­®�¨â¥«ì u ¢ âà¥âì¥¬ á« £ ¥¬®¬. Ǒà ¢¨«ì­®¥ãà ¢­¥­¨¥ á  ¢â®¬®¤¥«ì­ë¬ à¥è¥­¨¥¬ (4.14) ¥áâìut + uux + �uuttt = 0:�¥©áâ¢¨â¥«ì­®, ¢ ®à¨£¨­ «ì­®© áâ âì¥ [73℄ à áá¬ âà¨¢ ¥âáï ¨¬¥­­® íâ® ãà ¢­¥­¨¥¯®¤ ­®¬¥à®¬ (0.4),   ãà ¢­¥­¨¥ (4.13) íâ® à¥§ã«ìâ â ®¯¥ç âª¨ ¢ [60℄.3. �âà ­¨æë 299{300, ¯. 13.4.1 [60℄ (á¬. â ª�¥ [106℄). �«ï ãà ¢­¥­¨ï utx− (uux)x−uyy = 0 ãª § ­® à¥è¥­¨¥ (¢â®à®¥ ­  á. 300) u2 = (4x=t − y2=t2)=8. �¤¥áì n = 4,X = (t; x; y; u), ­®á¨â¥«ì ãà ¢­¥­¨ï á®áâ®¨â ¨§ âà¥å â®ç¥ª Q1 = (−1;−1; 0; 1), Q2 =(0;−2; 0; 2),Q3 = (0; 0;−2; 1). �å à §­®áâ¨B1 def= Q2 −Q1 = (1;−1; 0; 1);B2 def= Q3 −Q1 = (1; 1;−2; 0)«¨­¥©­® ­¥§ ¢¨á¨¬ë. �«¥¤®¢ â¥«ì­®, à §¬¥à­®áâì ãà ¢­¥­¨ï d = 2. �®á¨â¥«ì à¥è¥Ä­¨ï á®áâ®¨â ¨§ âà¥å â®ç¥ª Q4 = (0; 0; 0; 2), Q5 = (−1; 1; 0; 0), Q6 = (−2; 0; 2; 0). �åà §­®áâ¨ B3 def= Q5 −Q4 = (−1; 1; 0;−2);B4 def= Q6 −Q4 = (−2; 0; 2;−2)«¨­¥©­® ­¥§ ¢¨á¨¬ë. �«¥¤®¢ â¥«ì­®, à §¬¥à­®áâì à¥è¥­¨ï à ¢­  ¤¢ã¬. Ǒà¨ íâ®¬B2 = B3 − B4, ­® ¢¥ªâ®à B1 ­¥ ¢ëà � ¥âáï «¨­¥©­® ç¥à¥§ B3 ¨ B4. �«¥¤®¢ â¥«ì­®,á¢®©áâ¢® (4.1) â¥®à¥¬ë 2 ­¥ ¢ë¯®«­¥­®. �® ­  íâ®¬ à¥è¥­¨¨ (uux)x ≡ 0, â.¥. ­¥ ¢ë¯®«Ä­¥­® ãá«®¢¨¥ â¥®à¥¬ë 2. �â® à¥è¥­¨¥ ã¤®¢«¥â¢®àï¥â â ª�¥ ãà ¢­¥­¨î utx−uyy = 0.� ¯à ¢«ïîé¨© ¢¥ªâ®à á¢¥àå­®á¨â¥«ï íâ®£® ãà ¢­¥­¨ï B2 «¨­¥©­® ¢ëà � ¥âáï ç¥Äà¥§ ¢¥ªâ®àë B3 ¨ B4, â.¥. á¢®©áâ¢® (4.1) â¥®à¥¬ë 2 ¢ë¯®«­¥­® ¤«ï ª �¤®£® ¨§ ¤¢ãåãà ¢­¥­¨© à §¬¥à­®áâ¥© 0 ¨ 1 á®®â¢¥âáâ¢¥­­®.
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§5. �â¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥�¡à §ã¥¬ ¢¥ªâ®à lnX = (lnx1; : : : ; lnxn). Ǒãáâì A = (aij) { ª¢ ¤à â­ ï ­¥®á®¡ ïn-¬ âà¨æ . � ¬¥­  ª®®à¤¨­ â(5.1) lnY = A lnX­ §ë¢ ¥âáï áâ¥¯¥­­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ [10℄{[12℄, [18℄. �¡à â­ ï § ¬¥­  lnX =A−1 lnY â ª�¥ ï¢«ï¥âáï áâ¥¯¥­­ë¬ ¯à¥®¡à §®¢ ­¨¥¬. � ¯®¬­¨¬, çâ® A∗ { âà ­á¯®Ä­¨à®¢ ­­ ï ¬ âà¨æ A.�¥®à¥¬  3. Ǒà¨ áâ¥¯¥­­®¬ ¯à¥®¡à §®¢ ­¨¨ (4:1):1) áã¬¬  (1:1) ¯¥à¥å®¤¨â ¢ áã¬¬ã f̃(Y ) = ∑ fQY eQ, £¤¥ Q̃ = A∗−1Q;2) äã­ªæ¨ï f(X) ¢¨¤  (1:4) ¯¥à¥å®¤¨â ¢ äã­ªæ¨î f̃(Y ) = f(X) ¢¨¤  (1:4), ¯à¨íâ®¬ SS(f̃) = A∗−1SS(f);3) ¤¨ää¥à¥­æ¨ «ì­ë© ¯®«¨­®¬ (2:3) ¯¥à¥å®¤¨â ¢ ®â­®è¥­¨¥ ¤¢ãå ¤¨ää¥à¥­Äæ¨ «ì­ëå ¯®«¨­®¬®¢ g(Y )=h(Y ) = f(X), ¯à¨ íâ®¬ ­®á¨â¥«ì S(h) á®áâ®Ä¨â ¨§ ®¤­®© â®çª¨ Q = 0,   ­®á¨â¥«ì S(g) = A∗−1S(f);4) ­®à¬ «¨ ª ­®á¨â¥«ï¬ ¯à¥®¡à §ãîâáï «¨­¥©­® ¯® ¯à ¢¨«ã Ñ = AN .�«ï ¤®ª § â¥«ìáâ¢  íâ®© â¥®à¥¬ë ¯®âà¥¡ãîâáï ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à�¤¥­¨ï.Ǒãáâì �(X) { ¯à®¨§¢¥¤¥­¨¥ «®£ à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤­ëå ¢¨¤ (5.2) �‖L′‖ lnxn(� lnx1)l1 · · · (� lnxn−1)ln−1 def= �‖L′‖ lnxn(� lnX ′)L′ ;£¤¥ L′ = (l1; : : : ; ln−1), li > 0. � ªãî ¯à®¨§¢®¤­ãî ¬®�­® à á¯¨á âì ¢ ®¡ëç­®¬ ¢¨¤¥,ª ª ¤¨ää¥à¥­æ¨ «ì­ë© ¯®«¨­®¬. �«¥¤®¢ â¥«ì­®, ¯à®¨§¢¥¤¥­¨¥ �(X) â ª¨å ¯à®¨§¢®¤Ä­ëå â ª�¥ ï¢«ï¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ¯®«¨­®¬®¬. �ç¥¢¨¤­®, S(�) = 0. � §®¢¥¬�(X) ¤¨ää¥à¥­æ¨ «ì­® «®£ à¨ä¬¨ç¥áª¨¬ ¬®­®¬®¬. �ã¬¬ã(5.3) s∑i=1XQi�i(X);£¤¥ �i(X) áãâì ¤¨ää¥à¥­æ¨ «ì­® «®£ à¨ä¬¨ç¥áª¨¥ ¬®­®¬ë, ­ §®¢¥¬ «®£ à¨ä¬¨ç¥áÄª®© ä®à¬®©. �ç¥¢¨¤­®, ¢áïªãî«®£ à¨ä¬¨ç¥áªãîä®à¬ã (5.3) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®¬  (2.3). �¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥:�¥¬¬  1. � �¤ë© ¤¨ää¥à¥­æ¨ «ì­ë© ¯®«¨­®¬ (2:3) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥«®£ à¨ä¬¨ç¥áª®© ä®à¬ë (5:3).�®ª § â¥«ìáâ¢® ¤®áâ â®ç­® ¯à®¢¥áâ¨ ¤«ï ®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ¬®­®¬ a(X). � ª ¯®ª § ­® ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2.2 £«. VI [30℄, á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®(5.4) �lxn�xl11 · · ·�xln−1n−1 = X ′L′xn Pl(� lnxn; : : : ; �l lnxn)(� lnx1)l1 · · · (� lnxn−1)ln−1 ;



������������� ������� � ���Ǒ����� ��������� 15£¤¥ l = l1 + · · · + ln−1 ¨ Pl(�1; : : : ; �l) { ®¯à¥¤¥«¥­­ë¥ ¬­®£®ç«¥­ë á ¯®áâ®ï­­ë¬¨ª®íää¨æ¨¥­â ¬¨, á®¤¥à� é¨¥ â®«ìª® ç«¥­ë ¢¨¤ 
onst �k11 · · · �kll á k1 + 2k2 + · · ·+ l kl = l; ki > 0:Ǒ®áª®«ìªã ¤¨ää¥à¥­æ¨ «ì­ë© ¬®­®¬ a(X) ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ®¡ëç­®£® ¬®­®¬ ¨ ­¥áª®«ìª¨å ¯à®¨§¢®¤­ëå ¢¨¤  (5.4), â® á®£« á­® (5.4) ®­ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥a(X) = XQ t∑i=1 �i(X);£¤¥ Q = Q(a) ¨ �i áãâì ¤¨ää¥à¥­æ¨ «ì­® «®£ à¨ä¬¨ç¥áª¨¥ ¬®­®¬ë. �®ª § â¥«ìáâ¢®®ª®­ç¥­®.�¥¬¬  2. Ǒãáâì äã­ªæ¨ï f(X) def= ∑ fQXQ, Q ∈ Zn+,  ­ «¨â¨ç­  ¢ ­ã«¥X = 0, f(0) = 0 ¨ a def= �f=�xn∣∣X=0 6= 0:�®£¤  ãà ¢­¥­¨¥ f(X) = 0 ¨¬¥¥â  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥(5.5) xn = '(X ′) def= ∑'R′X ′R′ ;£¤¥ R′ ∈ Z
n−1+ . Ǒà¨ íâ®¬(5.6) 'R′ = �R′({fQ})=a2k−1;£¤¥ �R′ áãâì ¬­®£®ç«¥­ë áâ¥¯¥­¨ 2k−1 ®â ª®íää¨æ¨¥­â®¢ fQ á ‖Q‖ 6 k def= ‖R′‖.�®ª § â¥«ìáâ¢®. Ǒ¥à¢®¥ ãâ¢¥à�¤¥­¨¥ á¬. ¢ [58; §184℄. �®ª �¥¬¢â®à®¥ ãâ¢¥à�Ä¤¥­¨¥. Ǒ®¤áâ ¢«ïï à §«®�¥­¨¥ (5.5) ¢ à §«®�¥­¨¥ ¤«ï f(X) ¨ ¯à¨à ¢­¨¢ ï ç«¥­ë ¯à¨X ′R′ , ¯®«ãç¨¬ à ¢¥­áâ¢ (5.7) a'R′ + PR′({'S′}) = 0;£¤¥ ‖S′‖ 6 ‖R′‖ ¨ PR′ áãâì ª®­¥ç­ë¥ áã¬¬ë ç«¥­®¢ ¢¨¤ (5.8) fQ'R′1 · · ·'R′láQ > 0,Ri > 0, ‖Q‖ > 2 ¨(5.9) R′1 + · · ·+R′l = R′; l = ‖Q‖ > 2:�¥¯¥àì ¨­¤ãªæ¨¥© ¯® k = ‖R′‖ ¤®ª �¥¬ ä®à¬ã«ã (5.6). �«ï ‖R′‖ = 1 ®­ , ®ç¥¢¨¤­®,á«¥¤ã¥â ¨§ (5.7). Ǒãáâì æ¥«®¥ k > 1 ä¨ªá¨à®¢ ­® ¨ ä®à¬ã«  (5.6) ¢¥à­  ¤«ï ‖R′‖ < k.�®ª �¥¬ ¥¥ ¤«ï ‖R′‖ = k. Ǒ® ¨­¤ãªâ¨¢­®¬ã ¯à¥¤¯®«®�¥­¨îç«¥­ (5.8) á®£« á­® (5.9)á®¤¥à�¨â a−1 ¢ áâ¥¯¥­¨2R′1 − 1 + · · ·+ 2R′l − 1 6 2R′ − l 6 2R′ − 2¨ ï¢«ï¥âáï ¯®«¨­®¬®¬íâ®© áâ¥¯¥­¨ ®â ®áâ «ì­ëåª®íää¨æ¨¥­â®¢ fP . Ǒ®íâ®¬ã á®£« áÄ­® (5.7) ¨ (5.8) á¯à ¢¥¤«¨¢  ä®à¬ã«  (5.6) ¤«ï ‖R′‖ = k. �®ª § â¥«ìáâ¢® ®ª®­ç¥­®.



16 �.�. ������¥¬¬  3. Ǒãáâì(5.10) xn = '(X ′) def= ∑'Q′X ′Q′ ¯® Q′ ∈ Z
n−1+{ «®ª «ì­®¥ à §«®�¥­¨¥ á ¯à®¨§¢®«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨ 'Q′ . Ǒãáâì ¢ à¥§ã«ìÄâ â¥  ää¨­­®£® ¯à¥®¡à §®¢ ­¨ï(5.11) X =WY; detW 6= 0; W = (wij);¨§ à §«®�¥­¨ï (5:5) ¯®«ãç ¥âáï à §«®�¥­¨¥(5.12) yn =  (Y ′) def= ∑ R′Y ′R′ ¯® R′ ∈ Z
n−1+ :�®£¤  ¥£® ª®íää¨æ¨¥­âë ¨¬¥îâ ¢¨¤ R′ = �R′({'Q′})=a2‖R′‖−1;£¤¥ �R′({'Q′}) áãâì ¯®«¨­®¬ë ®â ª®íää¨æ¨¥­â®¢ 'Q′ á ‖Q′‖ 6 ‖R′‖ ¨(5.13) a = wnn −

n−1∑i=1 'Eiwin;£¤¥ Ei ®¡®§­ ç ¥â i-© ¥¤¨­¨ç­ë© ¢¥ªâ®à.�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ à §«®�¥­¨¥ (5.10) ¢ ¢¨¤¥ f(X) def= xn − '(X ′) = 0 ¨á¤¥« ¥¬ ¢ íâ®¬ ãà ¢­¥­¨¨ § ¬¥­ã (5.11). �®£¤  ®­® ¯à¨¬¥â ¢¨¤(5.14) f(X) = g(Y ) def= n∑i=1wniyi − '((AY )′) = 0:� áá¬®âà¨¬ ¥£® ª ª ãà ¢­¥­¨¥ ¤«ï ­¥ï¢­®© äã­ªæ¨¨ (5.12). �§ (5.14) ¢¨¤­®, çâ®a def= �g=�yn ¢ ­ã«¥ ¨¬¥¥â ¢¨¤ (5.13). Ǒà¨¬¥­ïï ª ãà ¢­¥­¨î (5.14) «¥¬¬ã 2,¯®«ãç¨¬ áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à §«®�¥­¨ï (5.12) ¨ ãª § ­­ë© ¢¨¤ ¥£®ª®íää¨æ¨¥­â®¢. �®ª § â¥«ìáâ¢® ®ª®­ç¥­®.�«¥¤áâ¢¨¥ 1. Ǒà¨ § ¬¥­¥ (5:11) ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ �‖R′‖yn=(�Y ′)R′ ï¢Ä«ïîâáï à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨ ®â ç áâ­ëå ¯à®¨§¢®¤­ëå �‖Q′‖xn=(�X ′)Q′ á
‖Q′‖ 6 ‖R′‖, ¯à¨ç¥¬ §­ ¬¥­ â¥«¨ íâ¨å à æ¨®­ «ì­ëå äã­ªæ¨© ï¢«ïîâáï áâ¥Ä¯¥­ï¬¨ áã¬¬ë a def= wnn −

n−1∑i=1 wni�xn=�xi:�¥©áâ¢¨â¥«ì­®, á®£« á­® ä®à¬ã«¥ �¥©«®à 'Q′ = 1Q′! �‖Q′‖xn(�X ′)Q′ ;  R′ = 1R′! �‖R′‖yn(�Y ′)R′ ;£¤¥ Q′! = q1! · · · qn−1!, â.¥. ¯à®¨§¢®¤­ë¥ ®â«¨ç îâáï ®â ª®íää¨æ¨¥­â®¢ à §«®�¥­¨©(5.10) ¨ (5.12) ¯®áâ®ï­­ë¬¨ ¬­®�¨â¥«ï¬¨.



������������� ������� � ���Ǒ����� ��������� 17�«¥¤áâ¢¨¥ 2. Ǒãáâì A = W−1 = (aij). �®£¤  ¢ á¨âã æ¨¨ «¥¬¬ë 3 ç áâ­ë¥¯à®¨§¢®¤­ë¥ �‖Q′‖xn=(�X ′)Q′ ï¢«ïîâáï à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨ ®â ¯à®¨§Ä¢®¤­ëå �‖R′‖yn=(�Y ′)R′ á ‖R′‖ 6 ‖Q′‖, ¯à¨ç¥¬ ¨å §­ ¬¥­ â¥«¨ ï¢«ïîâáï áâ¥Ä¯¥­ï¬¨ áã¬¬ë(5.15) ann −

n−1∑i=1 ain�yn=�yi:� ¬¥ç ­¨¥ 1. �á«¨ ¬ âà¨æ W ¨¬¥¥â ¡«®ç­®âà¥ã£®«ì­ë© ¢¨¤, ãª § ­­ë© ¢ §2,£«. VI [30℄, â.¥. w1n = · · · = wn−1n = 0, â® á®£« á­® (5.13) a = wnn = 
onst ¨ ¯à®Ä¨§¢®¤­ë¥ �‖R′‖yn=(�Y ′)R′ ï¢«ïîâáï ¯®«¨­®¬ ¬¨ ®â ¯à®¨§¢®¤­ëå �‖Q′‖xn=(�X ′)Q′ .�¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥, â.¥. ¢â®àë¥ ¯à®¨§¢®¤­ë¥ ï¢«ïîâáï ¬­®£®ç«¥­ ¬¨®â ¯¥à¢ëå,¨¡® ¢ íâ®¬ á«ãç ¥ a1n = · · · = an−1n = 0 ¨ áã¬¬  (5.10) à ¢­  ª®­áâ ­â¥ ann.�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �â¢¥à�¤¥­¨¥ 1 { íâ® á¢®©áâ¢® 1 áâ¥¯¥­­®£® ¯à¥Ä®¡à §®¢ ­¨ï ¨§ §3, £«. II [30℄.�â¢¥à�¤¥­¨¥ 2 â¥®à¥¬ë á«¥¤ã¥â ¨§ â®£®, çâ®XBi = Y eBi , £¤¥ B̃i = A∗−1Bi.�®ª �¥¬ ãâ¢¥à�¤¥­¨¥ 3 â¥®à¥¬ë. �­ ç «  á®£« á­® «¥¬¬¥ 1 § ¯¨è¥¬ ¤¨ää¥à¥­Äæ¨ «ì­ë© ¯®«¨­®¬ ¢ «®£ à¨ä¬¨ç¥áª®© ä®à¬¥ (5.3), £¤¥ �i(X) áãâì ¯à®¨§¢¥¤¥­¨ï ¯à®Ä¨§¢®¤­ëå ¢¨¤  (5.2). Ǒ®á«¥ ¯à¥®¡à §®¢ ­¨ï (5.1) XQi = Y eQi , £¤¥ Q̃i = A∗−1Qi.�¡®§­ ç¨¬ �i = lnxi; �i = ln yi; i = 1; : : : ; n:� íâ¨å ®¡®§­ ç¥­¨ïå ¯à®¨§¢®¤­ ï (5.2) ¥áâì(5.16) �‖L′‖�n=(��′)L′ ;  ¯à¥®¡à §®¢ ­¨¥ (5.1) ï¢«ï¥âáï  ää¨­­ë¬ ¯à¥®¡à §®¢ ­¨¥¬H = A�. �®£« á­® á«¥¤Äáâ¢¨î 2 ¨§ «¥¬¬ë 3 ¯à®¨§¢®¤­ë¥ (5.16) ï¢«ïîâáï à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨ ®â ¯à®Ä¨§¢®¤­ëå �‖M ′‖�n=(�H′)M ′ á ‖M ′‖ 6 ‖L′‖, ¯à¨ç¥¬ §­ ¬¥­ â¥«ï¬¨ á«ã� â áâ¥¯¥­¨áã¬¬ë ã = ann −

n−1∑i=1 ain��n=��i:�«¥¤®¢ â¥«ì­®, ¤¨ää¥à¥­æ¨ «ì­® «®£ à¨ä¬¨ç¥áª¨© ¬®­®¬ �i(X) ï¢«ï¥âáï ®â­®è¥Ä­¨¥¬ �̃i(Y )=ãm, £¤¥ �̃i { ¯®«¨­®¬ ®â ¯à®¨§¢®¤­ëå ¢¨¤  �‖M ′‖ ln yn=(� lnY ′)M ′ ¨ ã =ann −
∑n−1i=1 ain� ln yn=� ln yi,   ¢áï áã¬¬  (5.3) ¥áâì g(Y )=ã em, £¤¥ g(Y ) { «®£ à¨äÄ¬¨ç¥áª ï ä®à¬  ­¥ª®â®à®£® ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®¬  ¨ æ¥«®¥ m̃ > 0. Ǒ®áª®«ìªã­®á¨â¥«¨ ¤¨ää¥à¥­æ¨ «ì­ëå ¯®«¨­®¬®¢ �̃i(Y ) ¨ ã(Y ) á®áâ®ïâ ¨§ ®¤­®© â®çª¨ { ­ã«ï,â® ­®á¨â¥«ì S(ã em) = 0 ¨ ­®á¨â¥«ì S(g) = A∗−1S(f). �â® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®âà¥âì¥£® ãâ¢¥à�¤¥­¨ï â¥®à¥¬ë 3.�¥â¢¥àâ®¥ ãâ¢¥à�¤¥­¨¥ á«¥¤ã¥â ¨§ ¯¥à¢ëå âà¥å, ¨¡® ¤«ï á®åà ­¥­¨ï áª «ïà­®£®¯à®¨§¢¥¤¥­¨ï ¯à¥®¡à §®¢ ­¨¥ (5.1) ¨­¤ãæ¨àã¥â ¢ á®¯àï�¥­­®¬ ¯à®áâà ­áâ¢¥ R

n
∗ ¯à¥Ä®¡à §®¢ ­¨¥ Ñ = AN . �®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ®ª®­ç¥­®.�¬­®�¥­¨î ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®¬  f(X) ­  ¬®­®¬ XT á®®â¢¥âáâ¢ã¥â¢ R

n ¯ à ««¥«ì­ë© ¯¥à¥­®á ­®á¨â¥«¥© S(f) ¨ SS(f) ­  ¢¥ªâ®à T . Ǒ®íâ®¬ã ¥á«¨



18 �.�. �����d(f) = d < n, â® «¨­¥©­ë¬ ¯à¥®¡à §®¢ ­¨¥¬¢¨¤  Q̃ = A∗−1(Q+T ) ¬®�­® ¯®¬¥áâ¨âì¬­®�¥áâ¢® S(f) ¢ ª®®à¤¨­ â­®¥ ¯®¤¯à®áâà ­áâ¢®(5.17) q̃1 = · · · = q̃n−d = 0:�¥®à¥¬  4. �«ï ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®¬  f(X) á d(f) def= d < n áãé¥áâÄ¢ãîâ ¢¥ªâ®à T ∈ Rn ¨ ¬ âà¨æ  A â ª¨¥, çâ® áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ (5:1)¯à¨¢®¤¨â ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ XT f(X) = 0 ª ¢¨¤ã g(Y ) = 0, £¤¥ ¤«ï ¢á¥åâ®ç¥ª Q̃ ­®á¨â¥«ï S(g) ¢ë¯®«­¥­® á¢®©áâ¢® (5:17).�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ãâ¢¥à�¤¥­¨ï 3 â¥®à¥¬ë 3 ¨ à¥è¥­¨ï § ¤ ç¨ 3 ¢ §11£«. I [30℄. � ª ç¥áâ¢¥ ¢¥ªâ®à −T ¬®�­® ¢§ïâì «î¡®© ¢¥ªâ®à ¨§ á¢¥àå­®á¨â¥«ï SS(f).�®ª § â¥«ìáâ¢® ®ª®­ç¥­®.� ¬¥ç ­¨¥ 2. �á«¨ ª®®à¤¨­ â  xi ¯à¨áãâáâ¢ã¥â ¢ ¯®«¨­®¬¥ (2.3) â®«ìª® ¯®¤ §­ Äª®¬ ¤¨ää¥à¥­æ¨ « , â® ¬®�­® â ª�¥ ¤¥« âì áâ¥¯¥­­ë¥ § ¬¥­ë ¢¨¤  dxi = Y Bidyi,£¤¥ Bi = (bi1; : : : ; bin) ¨ bii = 0.Ǒà¨¬¥à 7 (¯à®¤®«�¥­¨¥ ¯à¨¬¥à®¢ 2{4). �«ï ãà ¢­¥­¨ï (2.4)n = 3 ¨ d = 1. � ®¡®Ä§­ ç¥­¨ïå (2.5) á¤¥« ¥¬ áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ (5.1)y1 = x1;y2 = x2;y3 = XB=� = x1=�1 x−2=�2 x3á ¬ âà¨æ¥©(5.18) A = 


1 0 00 1 01=� −2=� 1
 :� ¨áå®¤­ëå ª®®à¤¨­ â å t, x, u íâ® ¯à¥®¡à §®¢ ­¨¥ u = vt−1=�x2=�. Ǒ®á«¥ á®ªà é¥Ä­¨ï ­  t−1−1=�x2=� ãà ¢­¥­¨¥ (2.4) ¯¥à¥å®¤¨â ¢ ãà ¢­¥­¨¥(5.19)(vtt)− v=� = (vxxx2)v� + �(vxx)2v�−1 + 4(� + 1)�−1(vxx)v� + 2(2 + �)�−2v�+1:�®á¨â¥«ì íâ®£® ãà ¢­¥­¨ï á®áâ®¨â ¨§ ¤¢ãå â®ç¥ª(5.20) (0; 0; 1) ¨ (0; 0; 1 + �):�¤¥áì ¢¥ªâ®à T = (1 + 1=�;−2=�; 0) ¨ ¬ âà¨æ A ¤ ¥âáï ä®à¬ã«®© (5.18). � ª ç¥áâ¢¥x1, x2 ¢¬¥áâ® t ¨ x ¬®�­® ¢§ïâì w1 ¨ w2.
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§6. �®£ à¨ä¬¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥Ǒãáâì ã ¢á¥å â®ç¥ª Q̃ ­®á¨â¥«ï ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®¬  g(Y ) ª®®à¤¨­ â q̃i = 0. �®£¤  ª®®à¤¨­ â  yi ¢å®¤¨â ¢ g(Y ) â®«ìª® ¢ ¢¨¤¥ áâ¥¯¥­¥© ¤¨ää¥à¥­æ¨ « � ln yi. Ǒ®íâ®¬ã ¥á«¨ á¤¥« âì «®£ à¨ä¬¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ zi = ln yi, â® g(Y )áâ ­¥â ¤¨ää¥à¥­æ¨ «ì­ë¬ ¯®«¨­®¬®¬ ®â y1; : : : ; yi−1; zi; yi+1; : : : ; yn [26℄{[31℄.�¥®à¥¬  5. �á«¨ ¤«ï ¢á¥å â®ç¥ª Q̃ ­®á¨â¥«ï S(g) ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®Ä¬  g(Y ) ¢ë¯®«­¥­® á¢®©áâ¢® (5:17), â® ¯®á«¥ «®£ à¨ä¬¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï(6.1) zi = ln yi; i = 1; : : : ; n− d;zj = yj ; j = n− d+ 1; : : : ; n;¯®«ãç ¥âáï ¤¨ää¥à¥­æ¨ «ì­ë© ¯®«¨­®¬ g̃(Z) = g(Y ).�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥ 1 § ¯¨è¥¬ ¤¨ää¥à¥­æ¨ «ì­ë© ¯®«¨­®¬ g(Y )¢ «®£ à¨ä¬¨ç¥áª®© ä®à¬¥(6.2) g(Y ) = t∑k=1Y eQk �̃k(Y );£¤¥ �̃k(Y ) áãâì ¤¨ää¥à¥­æ¨ «ì­®«®£ à¨ä¬¨ç¥áª¨¥ ¬®­®¬ë. Ǒ® ãá«®¢¨î ¤«ï ¢á¥å ¢¥ªÄâ®à­ëå ¯®ª § â¥«¥© Q̃i ¢ë¯®«­¥­® á¢®©áâ¢® (5.17), â.¥. y1; : : : ; yn−d ®âáãâáâ¢ãîâ ¢ ¬®Ä­®¬ å Y eQk , ¨¬¥îé¨åáï ¢ (6.2). �â¨ ª®®à¤¨­ âë ¨¬¥îâáï â®«ìª® ¢ �̃k(Y ) ¢ ¢¨¤¥ ln yi.Ǒ®íâ®¬ã ¯®á«¥ «®£ à¨ä¬¨ç¥áª®© § ¬¥­ë (6.1) ¢ «®£ à¨ä¬¨ç¥áª®© ä®à¬¥ (6.2) ­¥ ¢®§Ä­¨ª îâ ezi , â.¥. ä®à¬  (6.2) ®áâ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬¯®«¨­®¬®¬. �®ª § â¥«ìáâ¢®®ª®­ç¥­®.Ǒà¨¬¥à 8 (¯à®¤®«�¥­¨¥ ¯à¨¬¥à  7). Ǒ®«®�¨¬ z1 = ln t, z2 = lnx. Ǒ®áª®«ìªãvtt = �v=�z1, vxx = �v=�z2, vxxx2 = �2v=�z22 − �v=�z2, â® ãà ¢­¥­¨¥ (5.14) ¯à¨­¨Ä¬ ¥â ¢¨¤(6.3) �v�z1 −

v� = �2v�z22 v� + �( �v�z2)2v�−1 + 3� + 4� �v�z2 v� + 2(2 + �)�2 v�+1:�®á¨â¥«ì íâ®£® ãà ¢­¥­¨ï á®áâ®¨â ¨§ â®ç¥ª(6.4) (−1; 0; 1); (0; 0; 1); (0;−2; 1 + �); (0;−1; 1+ �); (0; 0; 1 + �):�«¥¤®¢ â¥«ì­®, ¤¢¥ â®çª¨ (5.20) ­®á¨â¥«ï ãà ¢­¥­¨ï (5.19) à §¤ã«¨áì ¢ ¯ïâì â®ç¥ª(6.4) ­®á¨â¥«ï ãà ¢­¥­¨ï (6.3).Ǒà¨¬¥à 9 (¯à®¤®«�¥­¨¥ ¯à¨¬¥à  5). � áá¬®âà¨¬ ãà ¢­¥­¨¥ (4.5) á­ ç «  ¢ á«ãÄç ¥ (4.7). �¤¥« ¥¬ áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥(6.5) t = t;y = t�x;v = XB2=(�−1) = t1=(�−1)u;



20 �.�. �����£¤¥ ç¨á«® � ®¯à¥¤¥«¥­® ¢ (4.8). Ǒà¨ íâ®¬ ¢¥ªâ®àë (�; 1; 0) ¨ (1=(� − 1); 0; 1) ®¡à Ä§ãîâ ¡ §¨á «¨­¥©­®£® ¯®¤¯à®áâà ­áâ¢  ¢ R3, ¯ à ««¥«ì­®£® á¢¥àå­®á¨â¥«î ãà ¢­¥Ä­¨ï (4.5). �¡à â­®¥ ª (6.5) ¯à¥®¡à §®¢ ­¨¥ ¥áâì(6.6) t = t;x = t−�y;u = t1=(1−�)v:�ëç¨á«ï¥¬ ¯à®¨§¢®¤­ë¥, ¨á¯®«ì§ãï (6.5) ¨ (6.6):ut = 11− � t1=(1−�)−1v + t1=(1−�)(vt + vy�t−1y); ux = t1=(1−�)vyt�;u�ux = t�(1−�)+1=(1−�)+�v�vy = t(�+1+�)=(2(1−�))v�vy ;(u�ux)x = t(�+1+�)=(2(1−�))+�(�v�−1v2y + v�vyy) = t�=(1−�)(�v�−1v2y + v�vyy):Ǒ®¤áâ ¢«ïï íâ¨ §­ ç¥­¨ï ¢ ãà ¢­¥­¨¥ (4.5) ¨ á®ªà é ï ­  t�=(1−�), ¯®«ãç ¥¬ ãà ¢­¥Ä­¨¥(6.7) 11− � v + tvt + �yvy = �v�−1v2y + v�vyy + v� :�¥¯¥àì á¤¥« ¥¬ «®£ à¨ä¬¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ � = ln t (â.¥. t = e� ). �à ¢­¥Ä­¨¥ (6.7) ¯¥à¥©¤¥â ¢(6.8) 11− � v + v� + �yvy = �v�−1v2y + v�vyy + v� :�á«¨ v ­¥ § ¢¨á¨â ®â � , â.¥. v� = 0, â® íâ® ãà ¢­¥­¨¥ áâ ­®¢¨âáï ãà ¢­¥­¨¥¬ (4.9).�¤­ ª®, â¥¯¥àì ¬®�­® ¨áª âì à¥è¥­¨¥ ¯®«­®£® ãà ¢­¥­¨ï (4.5) ¨«¨ (6.8) ¢ ¢¨¤¥ àï¤ ¯® ®âà¨æ â¥«ì­ë¬ áâ¥¯¥­ï¬ � :v =  (y) + �−1 1(y) + �−2 2(y) + · · · ;¨«¨ ¢ ¢¨¤¥ ¯®«¨­®¬  ®â � :v =  (y)�m +  1(y)�m−1 + · · ·+  m(y);£¤¥  (�) { à¥è¥­¨¥ ãà ¢­¥­¨ï (4.9). �â® ¯à¨¢®¤¨â ª â ª®¬ã à §«®�¥­¨î à¥è¥­¨©u(t; x) ãà ¢­¥­¨ï (4.5) ¯® áâ¥¯¥­ï¬ (ln t)−1, ª®â®à®¥ ­ ç¨­ ¥âáï á  ¢â®¬®¤¥«ì­®£® à¥Äè¥­¨ï.� áá¬®âà¨¬ â¥¯¥àì ãà ¢­¥­¨¥ (4.5) ¢ á«ãç ¥ (4.10). �¤¥« ¥¬ áâ¥¯¥­­®¥ ¯à¥®¡à §®Ä¢ ­¨¥(6.9) t = t;x = x;v = x−2=�u;



������������� ������� � ���Ǒ����� ��������� 21£¤¥ ¢¥ªâ®àë (1; 0; 0) ¨ (0;−2=�; 1) ®¡à §ãîâ¡ §¨á ¤¢ã¬¥à­®£®«¨­¥©­®£® ¯®¤¯à®áâà ­Äáâ¢ , ¯ à ««¥«ì­®£® á¢¥àå­®á¨â¥«î ãà ¢­¥­¨ï (4.5). �¤¥áì u = x2=�v. �ëç¨á«ï¥¬¯à®¨§¢®¤­ë¥:ux = 2� x2=�−1v + x2=�vx; uxu� = 2� x2=�+1v�+1 + x2=�+2v�vx;(uxu�)x= 2(2 + �)�2 x2=�v�+1+ 4(� + 1)� x2=�+1v�vx+x2=�+2v�−1v2x+x2=�+2v�vxx:Ǒ®¤áâ ¢«ïï íâ® ¢ëà �¥­¨¥ ¢ ãà ¢­¥­¨¥ (4.5) ¨ á®ªà é ï ­  x2=�, ¯®«ãç ¥¬ãà ¢­¥­¨¥vt = 2(2 + �)�2 v�+1 + 4(� + 1)� xv�vx + x2v�−1v2x + x2v�vxx:Ǒ®á«¥ «®£ à¨ä¬¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï lnx = � (â.¥. x = e�) íâ® ãà ¢­¥­¨¥ ¯à¨­¨Ä¬ ¥â ¢¨¤(6.10) vt = 2(2 + �)�2 v�+1 + 3� + 4� v�v� + v�−1v2� + v�v�� + v;¨¡® vx = v�=x, vxx = (v�� − v�)=x2. �á«¨ v ­¥ § ¢¨á¨â ®â �, â® ¯®á«¥¤­¥¥ ãà ¢­¥Ä­¨¥ á®¢¯ ¤ ¥â á ãà ¢­¥­¨¥¬ (4.12). �¥è¥­¨¥ ãà ¢­¥­¨ï (6.10) ¬®�­® ¨áª âì ¢ ¢¨¤¥¯®«¨­®¬  ®â � ¨«¨ àï¤  ¯® �−1; ¯à¨ íâ®¬ ª®íää¨æ¨¥­â ¢¥¤ãé¥£® ç«¥­  { íâ® à¥è¥Ä­¨¥ ãà ¢­¥­¨ï (4.12). � áâ¥¯¥­­ëå ¯à¥®¡à §®¢ ­¨ïå (6.5) ¨ (6.9) ¨ ¤ «¥¥ ¢¬¥áâ® t ¨ x¬®�­® ¨á¯®«ì§®¢ âì w1 ¨ w2.
§7. �¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥Ǒà¨ n = 2 ¯à®¨§¢®¤­ ï (2.1) ï¢«ï¥âáï ®¡ëª­®¢¥­­®© ¨ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥Ä­¨¥ f(X) = 0, á®®â¢¥âáâ¢ãîé¥¥ ¯®«¨­®¬ã (2.3), â ª�¥ ï¢«ï¥âáï ®¡ëª­®¢¥­­ë¬. �«ï­¥£® â¥®à¥¬ë 1{5 ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨. Ǒà¨ íâ®¬ ­¥à ¢¥­áâ¢® d < n ®§­ ç ¥â,çâ® d = 0 ¨«¨ d = 1. �¤­ ª® ¤«ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¬®�­®¤®ª § âì ¡®«ìè¥.�¥®à¥¬  6. Ǒãáâì n = 2, ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ f(X) = 0¨¬¥¥â ¯®àï¤®ª m ¨ à §¬¥à­®áâì d(f) < n. �®£¤  ¯®áà¥¤áâ¢®¬ áâ¥¯¥­­ëå ¨«®£ à¨ä¬¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© íâ® ãà ¢­¥­¨¥ ¬®�­® á¢¥áâ¨ ª ãà ¢­¥­¨î ¯®Äàï¤ª  m− (n− d(f)).�®ª § â¥«ìáâ¢®. Ǒãáâì á­ ç «  d = 1. �®£« á­® â¥®à¥¬¥ 3 á¤¥« ¥¬ áâ¥¯¥­­®¥¯à¥®¡à §®¢ ­¨¥, ª®â®à®¥ ¯¥à¥¢¥¤¥â á¢¥àå­®á¨â¥«ì SS(f) ¢ £®à¨§®­â «ì­ãî ¯àï¬ãîq̃2 = 
onst = 
. Ǒ®á«¥ á®ªà é¥­¨ï ­  y
2 ¯®«ãç¨¬ ãà ¢­¥­¨¥ g(Y ) = 0, ­®á¨â¥«ì ª®â®Äà®£® «¥�¨â ­  ®á¨ q̃2 = 0. �£® ¯®àï¤®ª à ¢¥­ m. �â® ãà ¢­¥­¨¥ á®¤¥à�¨â y2 â®«ìª®¢ ¢¨¤¥ d ln y2=dy1. �¥àï íâã ¯à®¨§¢®¤­ãî ¢ ª ç¥áâ¢¥ ­®¢®© § ¢¨á¨¬®© ¯¥à¥¬¥­­®©,¯®«ãç ¥¬ ãà ¢­¥­¨¥ ¯®àï¤ª m− 1.� áá¬®âà¨¬â¥¯¥àì á«ãç © d(f) = 0, ª®£¤  ­®á¨â¥«ìS(f) á®áâ®¨â ¨§ ®¤­®© â®çª¨Q.�¬­®� ï ãà ¢­¥­¨¥ ­  X−Q, ¯®«ãç¨¬ ãà ¢­¥­¨¥ á ­ã«¥¢ë¬ ­®á¨â¥«¥¬. Ǒ®áª®«ìªãq2 = 0, â® x2 ¢å®¤¨â ¢ ­¥£® â®«ìª® ¢ ¢¨¤¥ d lnx2=dx1. �¥àï íâã ¯à®¨§¢®¤­ãî ¢ ª Äç¥áâ¢¥ ­®¢®© § ¢¨á¨¬®© ¯¥à¥¬¥­­®©, ¯®«ãç¨¬ ãà ¢­¥­¨¥ ¯®àï¤ª m−1. �£® ­®á¨â¥«ì



22 �.�. �����à á¯®«®�¥­ ­  ¢¥àâ¨ª «ì­®© ®á¨ q1 = 0. Ǒ®¬¥­ï¢ ¬¥áâ ¬¨ § ¢¨á¨¬ãî ¨ ­¥§ ¢¨á¨¬ãî¯¥à¥¬¥­­ë¥, çâ® á®®â¢¥âáâ¢ã¥â áâ¥¯¥­­®¬ã ¯à¥®¡à §®¢ ­¨î (5.1) á ¬ âà¨æ¥©A = ( 0 11 0) ;¯®«ãç¨¬ ãà ¢­¥­¨¥ ¯®àï¤ª m−1, ­®á¨â¥«ì ª®â®à®£® à á¯®«®�¥­ ­  £®à¨§®­â «ì­®©®á¨ q̃2 = 0. Ǒ®¢â®àïï ¯à¨¥¬, ¯à¨¬¥­¥­­ë© ¢ëè¥, ¯®­¨§¨¬ ¯®àï¤®ª ãà ¢­¥­¨ï ¥é¥ ­ ¥¤¨­¨æã. �®ª § â¥«ìáâ¢® ®ª®­ç¥­®.Ǒà¨¬¥à 10. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �« §¨ãá , ¢áâà¥ç îé¥¥áï ¢ â¥®à¨¨ ¯®£à ­¨çÄ­®£® á«®ï [96℄,(7.1) y′′′ + y′′y = 0;£¤¥ èâà¨å ®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® x. �¤¥áì n = 2, m = 3, x1 = x, x2 = y. �®á¨Äâ¥«ì ãà ¢­¥­¨ï (7.1) á®áâ®¨â ¨§ ¤¢ãå â®ç¥ª Q1 = (−3; 1) ¨ Q2 = (−2; 2), «¥� é¨å ­ ¯àï¬®© q1 − q2 + 4 = 0, â.¥. d = 1. �«¥¤®¢ â¥«ì­®, m − (n − d) = 2. �®£« á­® § Ä¬¥ç ­¨î 2 §5 á¤¥« ¥¬ áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ dt = y dx. �®£¤  dt=dx = y. �ã¤¥¬â®çª®© ®¡®§­ ç âì ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® t. �¬¥¥¬y′ = _yy; y′′ = �yy2 + _y2y; y′′′ = ...yy3 + 4�y _yy2 + _y3y:Ǒ®¤áâ ¢«ïï ¯à®¨§¢®¤­ë¥ ¢ ãà ¢­¥­¨¥ (7.1) ¨ á®ªà é ï ­  y4, ¯®«ãç ¥¬ ãà ¢­¥­¨¥(7.2) ...yy−1 + 4�y _yy−2 + _y3y−3 + _yy−1 + _y2y−2 = 0:�¤¥« ¥¬ ¢ ­¥¬ «®£ à¨ä¬¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ ln y = z, y = ez. �®£¤ _y = _zy; �y = �zy + _z2y; ...y = ...zy + 3�z _zy + _z3y:Ǒ®¤áâ ¢«ïï íâ¨ ¯à®¨§¢®¤­ë¥ ¢ ãà ¢­¥­¨¥ (7.2) ¨ ¯à¨¢®¤ï ¯®¤®¡­ë¥ ç«¥­ë, ¯®«ãç ¥¬ãà ¢­¥­¨¥ ...z + 7�z _z + 6 _z3 + �z + 2 _z2 = 0:Ǒ®« £ ï §¤¥áì _z = u, ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª �u+ 7 _uu+ 6u3 + _u+ 2u2 = 0:�®á¨â¥«ì íâ®£® ãà ¢­¥­¨ï á®áâ®¨â ¨§ ¯ïâ¨ â®ç¥ª,   ¥£® à §¬¥à­®áâì à ¢­  ¤¢ã¬.�á«¨ à §¬¥à­®áâì d(f) < n, â® ãà ¢­¥­¨¥ f(X) = 0 ¨ ¥£® à¥è¥­¨ï ï¢«ïîâáï ª¢ Ä§¨®¤­®à®¤­ë¬¨. Ǒ®íâ®¬ã ®¤­ã £à ­¨ç­ãî § ¤ çã ­  ¤¢ãå ª®­æ å ¨­â¥à¢ «  ¬®�­®á¢®¤¨âì ª ¤¢ã¬ £à ­¨ç­ë¬ § ¤ ç ¬ ­  ®¤­®¬ ª®­æ¥ ¨­â¥à¢ «  (á¬. [60; £«. 16℄, [70℄,[71℄, [82℄). � á«¥¤ãîé¨å ¤¢ãå â¥®à¥¬ å ¯à¥¤¯®« £ ¥âáï, çâ® à¥è¥­¨¥ «î¡®© £à ­¨çÄ­®© § ¤ ç¨ f(X) = 0, x(k)2 (0) = �k, k = 0; : : : ;m− 1, áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®.



������������� ������� � ���Ǒ����� ��������� 23�¥®à¥¬  7. Ǒãáâì f(X) = 0 { ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯®Äàï¤ª  m, à §¬¥à­®áâ¨ 1 ¨ ¢¥ªâ®à � = (�1; �2) ­®à¬ «¥­ ª ¥£® á¢¥àå­®á¨â¥«î.�á«¨ l�1 6= �2, â® à¥è¥­¨¥ £à ­¨ç­®© § ¤ ç¨x2(0) = x′2(0) = · · · = x(m−2)2 (0) = 0;(7.3) x(l)2 (∞) = 
 6= 0(7.4)á¢®¤¨âáï ª à¥è¥­¨î ¤¢ãå £à ­¨ç­ëå § ¤ ç á ãá«®¢¨ï¬¨ â®«ìª® ¢ ­ã«¥ x1 = 0.�®ª § â¥«ìáâ¢®. Ǒãáâì x2 = '(x1) { à¥è¥­¨¥ £à ­¨ç­®© § ¤ ç¨ (7.3),x(m−1)2 (0) = 1. Ǒãáâì '(l)(∞) def= 
 6= 0;∞. Ǒà¨ ¯®¤áâ ­®¢ª¥ (3.2) ãà ¢­¥­¨¥¯¥à¥å®¤¨â ¢ á¥¡ï,   à¥è¥­¨¥ x2 = '(x1) ¯¥à¥å®¤¨â ¢ à¥è¥­¨¥(7.5) x2 = �−�2'(��1x1):�£® k-ï ¯à®¨§¢®¤­ ï ¥áâì(7.6) x(k)2 = �−�2+k�1'(k)(��1x1):�¥è¥­¨¥ (7.5), ®ç¥¢¨¤­®, ã¤®¢«¥â¢®àï¥â ­ã«¥¢ë¬ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (7.3). �­®ã¤®¢«¥â¢®àï¥â £à ­¨ç­®¬ã ãá«®¢¨î (7.4), ¥á«¨ �−�2+l�1
 = 
, â.¥. � = �0 def=(
=
)1=(l�1−�2), ¨¡® ¯® ãá«®¢¨î â¥®à¥¬ë −�2 + l�1 6= 0. Ǒà¨ íâ®¬ á®£« á­® (7.6) ­ à¥è¥­¨¨ (7.5) á � = �0 ¨¬¥¥¬(7.7) x(m−1)2 (0) = �−�2+(m−1)�10 '(m−1)(0) = (
=
)[(m−1)�1−�2℄=(l�1−�2):Ǒ®íâ®¬ã, çâ®¡ë à¥è¨âì £à ­¨ç­ãî § ¤ çã (7.3), (7.4), ­ ¤® á­ ç «  à¥è¨âì £à ­¨çÄ­ãî § ¤ çã (7.3), x(m−1)2 (0) = 1 ¨ ­ ©â¨ §­ ç¥­¨¥ 
 def= '(l)(∞),   § â¥¬ à¥è¨âì ¢â®Äàãî £à ­¨ç­ãî § ¤ çã (7.3), (7.7). �®ª § â¥«ìáâ¢® ®ª®­ç¥­®.�á«¨ à §¬¥à­®áâì ãà ¢­¥­¨ï à ¢­  ­ã«î, â® ãà ¢­¥­¨¥ ¨­¢ à¨ ­â­® ®â­®á¨â¥«ìÄ­® § ¬¥­ (3.2) á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯ à ¬¥âà ¬¨. Ǒ®íâ®¬ã ãª § ­­ ï ¢ â¥®à¥¬¥ 7à¥¤ãªæ¨ï ¢®§¬®�­  ¨ ¢ â®¬ á«ãç ¥, ª®£¤  ¯à¨ x1 = 0 ¨¬¥¥âáï ®¤­® ­¥­ã«¥¢®¥ £à ­¨çÄ­®¥ ãá«®¢¨¥. �«ï ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  íâ  á¨âã æ¨ï à §®¡à ­  ¢ [60; §16.1℄,[70℄, [71℄.�¥®à¥¬  8. Ǒãáâì f(X) = 0 { ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯®Äàï¤ª  m > 2 ¨ à §¬¥à­®áâ¨ 0. � á«ãç ¥ ®¡é¥£® ¯®«®�¥­¨ï à¥è¥­¨¥ £à ­¨ç­®©§ ¤ ç¨ x2(0) = x′2(0) = · · · = x(m−3)2 (0) = 0;(7.8) x(m−2)2 (∞) = a; x(m−1)2 (∞) = b(7.9)á¢®¤¨âáï ª à¥è¥­¨î ¤¢ãå £à ­¨ç­ëå § ¤ ç á ãá«®¢¨ï¬¨ â®«ìª® ¢ ­ã«¥ x1 = 0.



24 �.�. ������®ª § â¥«ìáâ¢®. Ǒãáâì x2 = '(x1) { à¥è¥­¨¥ £à ­¨ç­®© § ¤ ç¨ (7.8),(7.10) x(m−2)2 (0) = x(m−1)2 (0) = 1¨ '(m−2)(∞) = � 6= 0, '(m−1)(∞) = � 6= 0;∞. Ǒ®áª®«ìªã ãà ¢­¥­¨¥ f(X) = 0­ã«ì¬¥à­®, ®­® ¨­¢ à¨ ­â­® ¯à¨ § ¬¥­ å x̃1 = �x1, x̃2 = x2 ¨ x̃1 = x1, x̃2 = �x2,£¤¥ �; � ∈ R, �; � > 0. Ǒ®íâ®¬ã ¯à¨ «î¡ëå �; � > 0 ¢ëà �¥­¨¥ x2 = �'(�x1) â ª�¥ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï f(X) = 0. �­®, ®ç¥¢¨¤­®, ã¤®¢«¥â¢®àï¥â £à ­¨ç­ë¬ãá«®¢¨ï¬ (7.8). Ǒ®áª®«ìªã ¤«ï íâ®£® à¥è¥­¨ïx(k)2 = ��k'(k)(�x1);â® ®­® ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (7.9), ¥á«¨��m−2� = a; ��m−1� = b:�§íâ¨åãà ¢­¥­¨© ®¯à¥¤¥«ïîâáï ª®­ªà¥â­ë¥ §­ ç¥­¨ï ¯ à ¬¥âà®¢�= �0, � = �0, ª®Äâ®àë¥¨¬ã¤®¢«¥â¢®àïîâ: �0 = (b=�)(a=�)−1, �0 = (a=�)�2−m0 =(a=�)m−1(b=�)2−m.Ǒà¨ x1 = 0 íâ® à¥è¥­¨¥ x2 = �0'(�0x1) ¨¬¥¥â(7.11) x(m−2)2 (0) = �0�m−20 = a=�; x(m−1)2 (0) = �0�m−10 = b=�:Ǒ®íâ®¬ã ¤«ï à¥è¥­¨ï § ¤ ç¨ (7.8), (7.9) ­ ¤® á­ ç «  à¥è¨âì § ¤ çã (7.8), (7.10) ¨­ ©â¨ §­ ç¥­¨ï �, �,   § â¥¬ à¥è¨âì § ¤ çã (7.8), (7.11). �®ª § â¥«ìáâ¢® ®ª®­ç¥­®.� áâ­ë¥ á«ãç ¨ â¥®à¥¬ 7 ¨ 8 ¨¬¥îâáï ¢ [71℄, [82℄, â ¬ �¥ à áá¬®âà¥­ë ¤àã£¨¥ ¢¨¤ë£à ­¨ç­ëå ãá«®¢¨© ¨ ª®­¥ç­ë© ¨­â¥à¢ « ¨§¬¥­¥­¨ï ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®©. � ¬�¥¨¬¥îâáï ¯à¨¬¥àë ¯à¨¬¥­¥­¨ï â¥®à¥¬ 7 ¨ 8.
§8. �¨áâ¥¬  ãà ¢­¥­¨©ǑãáâìX ′ = (x1; : : : ; xn′) { ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,X ′′ = (xn′+1; : : : ; xn) { § ¢¨Äá¨¬ë¥ ¯¥à¥¬¥­­ë¥. �­ «®£¨ç­® ª �¤ë© ¢¥ªâ®à Y ¤«¨­ë n ¡ã¤¥¬ à §¡¨¢ âì ­  ¤¢ ¯®¤¢¥ªâ®à  Y ′ ¨ Y ′′ ¤«¨­ë n′ ¨ n−n′ á®®â¢¥âáâ¢¥­­®. �¨ää¥à¥­æ¨ «ì­ë¬ ¬®­®¬®¬a(X) ­ §®¢¥¬ ¯à®¨§¢¥¤¥­¨¥ áâ¥¯¥­¥©X ¨ ¯à®¨§¢®¤­ëå ¢¨¤ (8.1) �‖L′‖xj=�X ′L′ ;£¤¥L′ ∈ Zn′+ ¨ j > n′. � �¤®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã¬®­®¬ã a(X) ¯®áâ ¢¨¬¢ á®®â¢¥âÄáâ¢¨¥ â®çªãQ(a) ∈ R

n (¥£® ¢¥ªâ®à­ë© ¯®ª § â¥«ì áâ¥¯¥­¨) ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã:¬®­®¬ã 
onst XQ á®®â¢¥âáâ¢ã¥â â®çª Q; ¯à®¨§¢®¤­®© (8.1) á®®â¢¥âáâ¢ã¥â â®çª (8.2) Q = (−L′; Ej); â.¥. Q′ = −L′; Q′′ = Ej ;  ¯à®¨§¢¥¤¥­¨î ¤¢ãå ¤¨ää¥à¥­æ¨ «ì­ëå ¬®­®¬®¢ a(X) ¨ b(X) á®®â¢¥âáâ¢ã¥â â®çª Q(ab) = Q(a) +Q(b). �®­¥ç­ ï áã¬¬  ¤¨ää¥à¥­æ¨ «ì­ëå ¬®­®¬®¢(8.3) f(X) = s∑i=1 ai(X)



������������� ������� � ���Ǒ����� ��������� 25­ §ë¢ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ¯®«¨­®¬®¬. �­®�¥áâ¢® â®ç¥ª S(f) def= {Q(ai); i =1; : : : ; s} ­ §ë¢ ¥âáï ­®á¨â¥«¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®¬  (8.3). �ää¨­­ ï ®¡®Ä«®çª  SS(f) ­®á¨â¥«ï S(f) ­ §ë¢ ¥âáï á¢¥àå­®á¨â¥«¥¬ ¯®«¨­®¬  (8.3). �­ «®£¨çÄ­® ®¯à¥¤¥«ïîâáï ¥£® à §¬¥à­®áâì d(f) def= dimSS(f) ¨ ­®à¬ «ì­®¥ ¯®¤¯à®áâà ­Äáâ¢® N(f) def= N(SS(f)) ⊂ Rn
∗ .� áá¬®âà¨¬ á®¢®ªã¯­®áâì ¤¨ää¥à¥­æ¨ «ì­ëå ¯®«¨­®¬®¢(8.4) f1(X); : : : ; fm(X):� �¤ë© ¨§ ¯®«¨­®¬®¢ fi(X) ¨¬¥¥â á¢®¨ ­®á¨â¥«ì S(fi), ­®à¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢®N(fi) ¨ à §¬¥à­®áâì d(fi). �¤­ ª®­®à¬ «ì­ë¬ ¯®¤¯à®áâà ­áâ¢®¬ N á®¢®ªã¯­®áÄâ¨ (8:4) ï¢«ï¥âáï ¯¥à¥á¥ç¥­¨¥(8.5) N =N(f1) ∩ · · · ∩N(fm);  ¥£® ª®à §¬¥à­®áâì d, â.¥. d = n − dim N, ï¢«ï¥âáï à §¬¥à­®áâìî á®¢®ªã¯­®áÄâ¨ (8.4). �á«¨ á®¢®ªã¯­®áâ¨ (8.4) ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ á¨áâ¥¬ã ãà ¢­¥­¨©(8.6) fi(X) = 0; i = 1; : : : ;m;â®  ­ «®£¨ â¥®à¥¬ 1{8 á¯à ¢¥¤«¨¢ë ¨ ¤«ï á®¢®ªã¯­®áâ¨ (8.4), ¨ ¤«ï á¨áâ¥¬ë (8.6).Ǒà¨¢¥¤¥¬¨åä®à¬ã«¨à®¢ª¨¡¥§ ¤®ª § â¥«ìáâ¢, ¨¡® ¨å¤®ª § â¥«ìáâ¢  ¯®çâ¨¤®á«®¢­®¯®¢â®àïîâ ¤®ª § â¥«ìáâ¢  á®®â¢¥âáâ¢ãîé¨å â¥®à¥¬ 1{8.�¨áâ¥¬  ãà ¢­¥­¨© (8.6) ¤®¯ãáª ¥â ®¯¥à â®à �¨ (3.1), ¥á«¨ ª �¤®¥ ¨§ ãà ¢­¥­¨©¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® § ¬¥­ë (3.2).�¥®à¥¬  9. �¨áâ¥¬  ãà ¢­¥­¨© (8:6) ¤®¯ãáª ¥â ®¯¥à â®à �¨ (3:1), ¥á«¨ ¢¥ªÄâ®à � = (�1; : : : ; �n) «¥�¨â ¢ ¯¥à¥á¥ç¥­¨¨ (8:5).�ëà �¥­¨¥ X ′′ = �′′(X ′) ­ §ë¢ ¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë ãà ¢­¥­¨© (8.6), ¥áÄ«¨ ¯à¨ íâ®© ¯®¤áâ ­®¢ª¥ ª �¤®¥ ãà ¢­¥­¨¥ ®¡à é ¥âáï ¢ â®�¤¥áâ¢® ¯® X ′. �¥è¥­¨¥ï¢«ï¥âáï  ¢â®¬®¤¥«ì­ë¬, ¥á«¨ ®­® ¤®¯ãáª ¥â ®¯¥à â®à ¢¨¤  (3.1), â.¥. ¨­¢ à¨ ­âÄ­® ®â­®á¨â¥«ì­® § ¬¥­ (3.2). �á«¨ à¥è¥­¨¥ X ′′ = �′′(X ′) ¤®¯ãáª ¥â ®¯¥à â®à (3.1),â® ¢á¥ á¢¥àå­®á¨â¥«¨ SS(xj − 'j(X ′)), j = n′ + 1; : : : ; n, ­®à¬ «ì­ë ª ¢¥ªâ®àã �.Ǒà¨ íâ®¬ á¢¥àå­®á¨â¥«ì SS(xj − 'j(X ′)) ¯à®å®¤¨â ç¥à¥§ â®çªã Ej ,   á¢¥àå­®á¨â¥«ìSS('j(X ′)) à á¯®«®�¥­ ¢ ª®®à¤¨­ â­®¬ ¯®¤¯à®áâà ­áâ¢¥ Q′′ = 0. Ǒ®íâ®¬ã á¢¥àå­®Äá¨â¥«ì SS('j(X ′)) à á¯®«®�¥­ ¢ «¨­¥©­®¬ ¬­®£®®¡à §¨¨(8.7) 〈�′; Q′〉 = �j ; Q′′ = 0:�¥®à¥¬  10. Ǒãáâì X ′′ = �′′(X ′) { â ª®¥ à¥è¥­¨¥ á¨áâ¥¬ë (8:6), ª®â®à®¥ ­¥ã¤®¢«¥â¢®àï¥â ­¨ª ª®© á¨áâ¥¬¥ �fi = 0, i = 1; : : : ;m, ®¡à §®¢ ­­®© á®¡áâ¢¥­­ëÄ¬¨ ¯®¤áã¬¬ ¬¨ áã¬¬ë fi ¨ ¨¬¥îé¥© à §¬¥à­®áâì, ¬¥­ìèãî, ç¥¬ à §¬¥à­®áâìá¨áâ¥¬ë (8:6). �®£¤  ­®à¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢® à¥è¥­¨ï «¥�¨â ¢ ­®à¬ «ìÄ­®¬ ¯®¤¯à®áâà ­áâ¢¥ á¨áâ¥¬ë.



26 �.�. �����Ǒà¨¬¥à 11. � áá¬®âà¨¬ á¨áâ¥¬ã (1.6) ¨§ [72; á. 102℄(8.8) ut = (u�1ux)x + u�1v
2 ;vt = (u�2vx)x + v�2u
1 ; �i; 
i > 0; �i > 0:�ã­ªæ¨¨ u, v ¬®£ãâ ¡ëâì â¥¬¯¥à âãà ¬¨ ¨«¨ ª®­æ¥­âà æ¨ï¬¨ ¤¢ãå ¢¥é¥áâ¢ ¢  ¢â®Äª â «¨â¨ç¥áª®© à¥ ªæ¨¨. �¤¥áì X = (t; x; u; v), n = 4, n′ = 2. �®á¨â¥«ì ¯¥à¢®£®ãà ¢­¥­¨ï á®áâ®¨â ¨§ âà¥å â®ç¥ª Q1 = (−1; 0; 1; 0), Q2 = (0;−2; �1 + 1; 0), Q3 =(0; 0; �1; 
2). �®á¨â¥«ì ¢â®à®£® ãà ¢­¥­¨ï á®áâ®¨â ¨§ âà¥å â®ç¥ª Q4 = (−1; 0; 0; 1),Q5 = (0;−2; 0; �2 + 1), Q6 = (0; 0; 
1; �2). �®áâ ¢¨¬ à §­®áâ¨(8.9) B1 def= Q2 −Q1 = (1;−2; �1; 0);B2 def= Q3 −Q1 = (1; 0; �1 − 1; 
2);B3 def= Q5 −Q4 = (1;−2; 0; �2);B4 def= Q6 −Q4 = (1; 0; 
1; �2 − 1):�®à¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢®N á¨áâ¥¬ë (8.8) ­®à¬ «ì­® ª ç¥âëà¥¬ ¢¥ªâ®à ¬B1,B2,B3, B4. �£® à §¬¥à­®áâì ¡®«ìè¥ ­ã«ï, â®«ìª® ¥á«¨ � def= det(B1B2B3B4)∗ = 0. �ëÄç¨á«¥­¨ï ¤ îâ � = −2[�1(�2 − 1− 
2) + �2(
1 + 1− �1)℄:�â®¡ë ã¯à®áâ¨âì ¢ëç¨á«¥­¨ï ®¯à¥¤¥«¨â¥«ï ¯® (8.9), ã¤®¡­® ¨§ âà¥âì¥© áâà®çª¨ ¢ëÄç¥áâì ¯¥à¢ãî,   ¨§ ç¥â¢¥àâ®© { ¢â®àãî. �«¥¤®¢ â¥«ì­®, N ∋ � 6= 0, â®«ìª® ¥á«¨� = 0, â.¥. �1�2 = 
1 + 1− �1
2 + 1− �2 :�ëç¨á«ïï  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«­¥­¨ï à §¬¥à  3×3 ¢ ¬ âà¨æ¥ (B1B2B3)∗, ¯®«ãç ¥¬¢¥ªâ®à ­®à¬ «¨� = (�1; �2; �3; �4) = (
−2(�2(�1 − 1) + �1
2); �1�2 − �1
2 − �2(�1 − 1); 2�2; 2�1):�®£« á­® (8.7) ¤«ï  ¢â®¬®¤¥«ì­®£® à¥è¥­¨ï u = '(t; x), v =  (t; x) á¢¥àå­®á¨â¥«ìäã­ªæ¨¨ ' à á¯®«®�¥­ ­  ¯àï¬®© �1q1 + �2q2 = �3, q3 = q4 = 0,   á¢¥àå­®á¨â¥«ìäã­ªæ¨¨  à á¯®«®�¥­ ­  ¯àï¬®© �1q1 + �2q2 = �4, q3 = q4 = 0. �«¥¤®¢ â¥«ì­®,(8.10) u = tm1g1(�); v = tm2g2(�);£¤¥ m1 = �3=�1, m2 = �4=�1, � = t�x, � = −�2=�1. Ǒà¨ íâ®¬ äã­ªæ¨¨ g1 ¨ g2ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©m1g1 + ��g′1 = (g�11 g′1)′ + g�11 g
22 ;m2g2 + ��g′2 = (g�22 g′2)′ + g�22 g
11 ;£¤¥ èâà¨å ®§­ ç ¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® �. � ä®à¬ã«¥ (8.10) ¨ ¤ «¥¥ ¢¬¥áâ® t ¨ x¬®�­® ¨á¯®«ì§®¢ âì w1 = 
1 + Æ1t ¨ w2 = 
2 + Æ2x.



������������� ������� � ���Ǒ����� ��������� 27�¥®à¥¬  11. Ǒà¨ áâ¥¯¥­­®¬ ¯à¥®¡à §®¢ ­¨¨ (5:1) ¤¨ää¥à¥­æ¨ «ì­ë© ¯®Ä«¨­®¬ (8:3) ¯¥à¥å®¤¨â ¢ ®â­®è¥­¨¥ ¤¢ãå ¤¨ää¥à¥­æ¨ «ì­ëå ¯®«¨­®¬®¢g(Y )=h(Y ) = f(X), ¯à¨ íâ®¬ ­®á¨â¥«ì S(h) á®áâ®¨â ¨§ ®¤­®© â®çª¨ Q = 0,  ­®á¨â¥«ì S(g) = A∗−1S(f). �®à¬ «¨ ª ­®á¨â¥«ï¬ ¯à¥®¡à §ãîâáï ¯® ¯à ¢¨«ãÑ = AN .�¥®à¥¬  12. �«ï á®¢®ªã¯­®áâ¨ ¤¨ää¥à¥­æ¨ «ì­ëå ¯®«¨­®¬®¢ (8:4) á à §¬¥àÄ­®áâìî d < n áãé¥áâ¢ãîâ ¢¥ªâ®àë T1; : : : ; Tm ∈ Rn ¨ ¬ âà¨æ  A â ª¨¥, çâ®áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ (5:1) ¯à¨¢®¤¨â á¨áâ¥¬ã ãà ¢­¥­¨©XTifi(X) = 0; i = 1; : : : ;m;ª ¢¨¤ã gi(Y ) = 0; i = 1; : : : ;m;£¤¥ ¤«ï ¢á¥å â®ç¥ª Q̃ ­®á¨â¥«¥© S(gi) ¨¬¥¥¬ á¢®©áâ¢® (5:17).�¥®à¥¬  13. �á«¨ ã ¢á¥å â®ç¥ª Q̃ ­®á¨â¥«¥© S(gi(X)), i = 1; : : : ;m, ¤¨ää¥Äà¥­æ¨ «ì­ëå ¯®«¨­®¬®¢ g1(Y ); : : : ; gm(Y ) ¢ë¯®«­¥­® á¢®©áâ¢® (5:17), â® ¯®á«¥«®£ à¨ä¬¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï (6:1) ¯®«ãç îâáï ¤¨ää¥à¥­æ¨ «ì­ë¥ ¯®«¨­®Ä¬ë g̃i(Z) = gi(Y ), i = 1; : : : ;m.Ǒà¨ n′ = 1 ¯à®¨§¢®¤­ ï (8.1) ï¢«ï¥âáï ®¡ëª­®¢¥­­®© ¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢Ä­¥­¨ï á¨áâ¥¬ë (8.6) â ª�¥ ï¢«ïîâáï ®¡ëª­®¢¥­­ë¬¨. Ǒãáâì ¤«ï § ¢¨á¨¬®© ¯¥à¥¬¥­Ä­®© xj , j > 1, ¬ ªá¨¬ «ì­ë© ¯®àï¤®ª ¤¨ää¥à¥­æ¨à®¢ ­¨ï, ª®â®àë© ¨¬¥¥âáï ¢ á¨áâ¥Ä¬¥ (8.6), à ¢¥­ mj . � §®¢¥¬ ¥£® ¯®àï¤ª®¬ á¨áâ¥¬ë (8.6) ¯® ª®®à¤¨­ â¥ xj . �¥«¨Äç¨­ãm′′ = m2 + · · ·+mn ­ §®¢¥¬ ¯®àï¤ª®¬ á¨áâ¥¬ë (8.6).�¥®à¥¬  14. Ǒãáâì n′ = 1, á¨áâ¥¬  ��� (8:6) ¨¬¥¥â ¯®àï¤®ª m′′ ¨ à §¬¥àÄ­®áâì d < n. �®£¤  ¯®áà¥¤áâ¢®¬ áâ¥¯¥­­ëå ¨ «®£ à¨ä¬¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©íâã á¨áâ¥¬ã ¬®�­® á¢¥áâ¨ ª á¨áâ¥¬¥ ¯®àï¤ª  m′′ − (n− d).�¥®à¥¬  15. Ǒãáâì n′ = 1, á¨áâ¥¬  ��� (8:6) ¨¬¥¥â ¯®àï¤®ª mj ¯® ª®®à¤¨Ä­ â¥ xj , j = 2; : : : ; n, ®¡é¨© ¯®àï¤®ª m′′ = m2 + · · · +mn ¨ à §¬¥à­®áâì d < n.Ǒãáâì N1; : : : ; Nn−d { ¡ §¨á ­®à¬ «ì­®£® ¯®¤¯à®áâà ­áâ¢  á¨áâ¥¬ë (8:6). Ǒãáâìà¥è¥­¨¥ «î¡®© ªà ¥¢®© § ¤ ç¨ (8:6), x(k)j (0) = �jk, k = 0; : : : ;mj − 1; j = 2; : : : ; n,áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®. Ǒãáâì § ¤ ­ë £à ­¨ç­ë¥ ãá«®¢¨ïx(k)j (0) = ajk 6= ∞; x(l)j (∞) = bjl 6= 0;∞;£¤¥ ¤«ï ª �¤®£® j ¢á¥£® â ª¨å ãá«®¢¨© mj ¨ 0 6 k; l < mj , ¯à¨ç¥¬ ¨§ m′′ ª®­Äáâ ­â ajk ¨ bjl ­¥ ¬¥­¥¥ n−d ®â«¨ç­ëå ®â ­ã«ï , ¢ª«îç ï ¢á¥ bjl. � �¤®© ª®­Äáâ ­â¥ ajk 6= 0 áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ¢¥ªâ®à R(j; k) = −kE1 + Ej ,   ª®­Äáâ ­â¥ bjl { ¢¥ªâ®à R(j; l) = −lE1 +Ej. Ǒãáâì íâ® ¡ã¤ãâ ¢¥ªâ®àë R1; : : : ; Rs.�¡à §ã¥¬ ¬ âà¨æã R = 


〈N1; R1〉 : : : 〈Nn−d; R1〉: : : : : : : : : : : : : : : : : : : : : : : : : : :
〈N1; Rs〉 : : : 〈Nn−d; Rs〉

 :�á«¨ rankR = n−d, â® à¥è¥­¨¥ ãª § ­­®© £à ­¨ç­®© § ¤ ç¨ á ãá«®¢¨ï¬¨ ¢ ­ã«¥x1 = 0 ¨ ¡¥áª®­¥ç­®áâ¨ x1 = ∞ á¢®¤¨âáï ª à¥è¥­¨î ¤¢ãå £à ­¨ç­ëå § ¤ ç áãá«®¢¨ï¬¨ â®«ìª® ¢ ­ã«¥.



28 �.�. �����Ǒà¨¬¥à 12. Ǒ®ª �¥¬, çâ® ¢ á¨âã æ¨ïå â¥®à¥¬ 7 ¨ 8 ãá«®¢¨ï â¥®à¥¬ë 15 ¢ë¯®«­¥Ä­ë. �â¥®à¥¬¥ 7¨¬¥¥¬n−d = 1¨ ¥¤¨­áâ¢¥­­®¥ ­¥­ã«¥¢®¥ £à ­¨ç­®¥ ãá«®¢¨¥ ¥áâì (7.4).�¬ã á®®â¢¥âáâ¢ã¥â ¢¥ªâ®à R = (−l; 1). �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ 〈�; R〉 = −l�1 + �2.Ǒ® ãá«®¢¨î â¥®à¥¬ë 7 ®­® ®â«¨ç­® ®â ­ã«ï.� â¥®à¥¬¥ 8 ¨¬¥¥¬ n− d = 2, ­®à¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢® { íâ® ¢áï ¯«®áª®áâìR2∗,¡ §¨á ¢ ­¥¬®¡à §ãîâ¢¥ªâ®àëN1 = E1 ¨N2 = E2. �¢  ­¥­ã«¥¢ëå £à ­¨ç­ëåãá«®¢¨ïáãâì (7.9). �¬ á®®â¢¥âáâ¢ãîâ ¢¥ªâ®àë R1 = (2−m; 1), R2 = (1−m; 1). � âà¨æ R¥áâì ( 2−m 11−m 1) :�¥ ®¯à¥¤¥«¨â¥«ì à ¢¥­ ¥¤¨­¨æ¥. �«¥¤®¢ â¥«ì­®, ¥¥ à ­£ à ¢¥­ ¤¢ã¬, â.¥. n− d.
§9. �à®¢­¨ á«®�­®áâ¨Ǒà¨ à¥è¥­¨¨ § ¤ ç á ¯®¬®éìî áâ¥¯¥­­®© £¥®¬¥âà¨¨ ¯à¨å®¤¨âáï ¨á¯®«ì§®¢ âì â¥¨«¨ ¨­ë¥ ®¡ê¥ªâë ¢ ¯à®áâà ­áâ¢¥ ¯®ª § â¥«¥© áâ¥¯¥­¥© Rn ¨ ¢ á®¯àï�¥­­®¬ ¯à®Äáâà ­áâ¢¥ Rn

∗ . � ¤¨¬ ª« áá¨ä¨ª æ¨î á«®�­®áâ¨ § ¤ ç, ®á­®¢ ­­ãî ­  ª« áá¨ä¨Äª æ¨¨ á«®�­®áâ¨ íâ¨å £¥®¬¥âà¨ç¥áª¨å ®¡ê¥ªâ®¢. �¨�¥ ¯à¨¢®¤¨âáï íâ  ¯®á«¥¤­ïïª« áá¨ä¨ª æ¨ï, à á¯®«®�¥­­ ï ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï á«®�­®áâ¨.I ãà®¢¥­ì. �¨­¥©­ë¥ ¯®¤¯à®áâà ­áâ¢  ¨ ¬­®£®®¡à §¨ï, â.¥. «¨­¥©­ë¥ à ¢¥­áâ¢  ¤«ï¢¥ªâ®à­ëå áâ¥¯¥­¥©.II ãà®¢¥­ì. �¨­¥©­ë¥ § ¬¥­ë ª®®à¤¨­ â.III ãà®¢¥­ì. �ë¯ãª«ë¥¬­®£®£à ­­¨ª¨, ¨å £à ­¨ ¨ ­®à¬ «ì­ë¥ ª®­ãáë, â.¥. «®ª «ì­ë¥á¢®©áâ¢  £à ­¨æ ¬­®£®£à ­­¨ª®¢, ®¯¨áë¢ ¥¬ë¥ «¨­¥©­ë¬¨ ­¥à ¢¥­áâ¢ Ä¬¨.IV ãà®¢¥­ì. �«®¡ «ì­ë¥á¢®©áâ¢  ¢ë¯ãª«ëå¬­®£®£à ­­¨ª®¢ (®¡ê¥¬, á¬¥è ­­ë©®¡êÄ¥¬ ¨ â.¯.).� ¤ ç¨ ¯¥à¢ëå âà¥å ãà®¢­¥© á«®�­®áâ¨ ®¡áã�¤ îâáï ­¨�¥ ¢ §§ 10, 11 ¨ 12 á®®â¢¥âÄáâ¢¥­­® ¤«ï á¨áâ¥¬ ãà ¢­¥­¨© á«¥¤ãîé¨å â¨¯®¢. �¥â¢¥àâë© ãà®¢¥­ì ®¡áã�¤ ¥âáï ¢§ ¬¥ç ­¨¨ 5 ¢ ª®­æ¥ §12.1. �¨áâ¥¬   «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©(9.1) 0 = fi(X) def= ∑ fiQXQ ¯® Q ∈ Si; i = 1; : : : ;m:�¤¥áì ª �¤®¥ ãà ¢­¥­¨¥ ¨¬¥¥â á¢®© ­®á¨â¥«ì Si = S(fi) ⊂ Rn.2. �¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©(9.2) 0 = fi(X) def= ∑ aiQ(X) ¯® Q ∈ Si; i = 1; : : : ;m:�¤¥áì x1; : : : ; xn1 áãâì ¯ à ¬¥âàë, xl { ­¥§ ¢¨á¨¬ ï ¯¥à¥¬¥­­ ï (l = n1+1), xl+1; : : : ;xn { § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,n−l 6 m¨ fi(X) áãâì áã¬¬ë¤¨ää¥à¥­æ¨ «ì­ëå¬®­®¬®¢aiQ(X), ª �¤ë© ¨§ ª®â®àëå ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ®¡ëç­®£® ¬®­®¬  TR ¨ ¯à®¨§Ä¢®¤­ëå ¢¨¤  dkxj=dxkl á j > l ¨¨¬¥¥â á¢®© ¯®ª § â¥«ì áâ¥¯¥­¨Q = Q(a) [30; £«.VI, §1℄.�¤¥áì ª �¤®¥ ãà ¢­¥­¨¥ ¨¬¥¥â á¢®© ­®á¨â¥«ì Si = S(fi) ⊂ R
n.



������������� ������� � ���Ǒ����� ��������� 293. �¨áâ¥¬  ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¢¨¤  (9.2), £¤¥ x1; : : : ; xn1áãâì ¯ à ¬¥âàë, xn1+1; : : : ; xn1+n2 áãâì ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥, xn1+n2+1; : : : ; xnáãâì § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥ ¨ n3 def= n−n1−n2 6 m. Ǒà¨ íâ®¬ fi(X) áãâì áã¬¬ë¤¨äÄä¥à¥­æ¨ «ì­ëå ¬®­®¬®¢ a(X), ª �¤ë© ¨§ ª®â®àëå ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ®¡ëç­®£®¬®­®¬ XT ¨ ¯à®¨§¢®¤­ëå ¢¨¤  �‖K‖xj=�XK2 , £¤¥ K = (kn1+1; : : : ; kn1+n2) ∈ Z
n2+ ,X2 = (xn1+1; : : : ; xn1+n2), j > n1+n2, ¨ ¨¬¥¥â á¢®© ¯®ª § â¥«ì áâ¥¯¥­¨Q(a) [25℄{[29℄,[30; £«. VI, §1℄, [31℄. �¤¥áì ª �¤®¥ ãà ¢­¥­¨¥ ¨¬¥¥â á¢®© ­®á¨â¥«ì Si = S(fi).� § ¤ ç å â¨¯  2 (á¨áâ¥¬ë���) ¢ë¤¥«¨¬ ¤¢  ¯®¤â¨¯ , ª®â®àë¥ ¯à¥¤áâ ¢«ïîâ ®á®Ä¡ë© ¨­â¥à¥á ¤«ï  ¢â®à .2∗. �¢â®­®¬­ ï á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©,à §à¥è¥­­ëå ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå(9.3) dX=dt def= _X = �(X):�â  á¨áâ¥¬  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥(9.4) _(lnX) = F (X) def= ∑FQXQ ¯® Q ∈ S(á¬. [10℄{[13℄, [18℄, [30; £«. III, §2℄). �¤¥áì ¢áï á¨áâ¥¬  ¨¬¥¥â ®¤¨­ ­®á¨â¥«ì S. �à¥Ä¤¨ ª®®à¤¨­ â xj ¬®£ãâ ¡ëâì ¯ à ¬¥âàë, ¨¡® ¯ à ¬¥âà xj ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î_xj = 0.2∗∗. �¨áâ¥¬  � ¬¨«ìâ®­  á l áâ¥¯¥­ï¬¨ á¢®¡®¤ë(9.5) _xi = �h=�xi+l; _xi+l = −�h=�xi; i = 1; : : : ; l;£¤¥ 2l = n, ¨ äã­ªæ¨ï � ¬¨«ìâ®­ (9.6) h = ∑hQXQ ¯® Q ∈ S(h) ⊂ R

n:�â®© á¨áâ¥¬¥ á®®â¢¥âáâ¢ãîâ ¤¢  ­®á¨â¥«ï: ­®á¨â¥«ì S(F ) á¨áâ¥¬ë (9.3) â¨¯  2∗ ¨­®á¨â¥«ì S(h) äã­ªæ¨¨ � ¬¨«ìâ®­  h(X).� § ¤ ç å â¨¯  3 (á¨áâ¥¬ë �à�Ǒ) ¢ë¤¥«¨¬ ®¤¨­ ¯®¤â¨¯, ¯à¨ ¨§ãç¥­¨¨ ª®â®à®£®¨á¯®«ì§®¢ «áï ¯®¤å®¤ áâ¥¯¥­­®© £¥®¬¥âà¨¨.3∗∗. �¨­¥©­®¥ ãà ¢­¥­¨¥ ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå:(9.7) g(D)u = g0(x1; : : : ; xm);£¤¥ D = (�=�x1; : : : ; �=�xm) { ¢¥ªâ®à­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à, g(Y ) { á¨¬Ä¢®«ì­ë© ¯®«¨­®¬(9.8) g(Y ) = ∑ aKYK ¯® K ∈ S ⊂ Z
m¨ g0 {¤®áâ â®ç­® å®à®è ïäã­ªæ¨ï. �¤¥áìn1 = 0,n2 = m,n3 = 1,X =(x1; : : : ; xm; u).�®á¨â¥«ì S1 «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (9.7) á®áâ®¨â ¨§ â®ç¥ª

{Q = (−K; 1) ¯® aK 6= 0}:



30 �.�. �����Ǒ®áª®«ìªã ã ¢á¥å â®ç¥ª Q ­®á¨â¥«ï S1 ®¤¨­ ª®¢  ¯®á«¥¤­ïï ª®®à¤¨­ â  qm+1 = 1, â®¥î ¬®�­® ¯à¥­¥¡à¥çì ¨ «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (9.7) ¬®�­® á®¯®áâ ¢¨âì ­®á¨â¥«ì−S,â.¥. ­®á¨â¥«ì á¨¬¢®«ì­®£® ¬­®£®ç«¥­  (9.8), ¢§ïâë© á® §­ ª®¬ ¬¨­ãá.� ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥¬, çâ® X ∈ Rn ¨«¨ Cn, ¥á«¨ ¢á¥ ¯®ª § â¥«¨ áâ¥¯¥­¨æ¥«®ç¨á«¥­­ë¥, ¨X ∈ Rn+, ¥á«¨ ®­¨ â®«ìª® ¢¥é¥áâ¢¥­­ë¥.
§10. �¨­¥©­ë¥ à ¢¥­áâ¢ Ǒãáâì ¢ Rn § ¤ ­® ¬­®�¥áâ¢® S ¨ ¥£®  ää¨­­ ï ®¡®«®çª  AFFS (á¬. [30; £«. I,

§1℄) ¨¬¥¥â à §¬¥à­®áâì d = dimAFFS def= d(S). �®£¤  ¢ á®¯àï�¥­­®¬ ¯à®áâà ­áâÄ¢¥Rn
∗ ¨¬¥¥âáï ¯®¤¯à®áâà ­áâ¢®N(S), ­®à¬ «ì­®¥ ª «¨­¥©­®¬ã ¬­®£®®¡à §¨îAFFS,¨ dimN(S) = n− d. Ǒãáâì ¢¥ªâ®àë(10.1) �i = (�i1; : : : ; �in); i = 1; : : : ; n− d;®¡à §ãîâ ¡ §¨á ­®à¬ «ì­®£® ¯®¤¯à®áâà ­áâ¢ N(S). �®£¤  ¬­®£®®¡à §¨¥ AFFS ®¯-à¥¤¥«ï¥âáï á¨áâ¥¬®© ãà ¢­¥­¨©

{Q : 〈�i; Q〉 = 
i; i = 1; : : : ; n− d}:�á«¨ ¢ R
n § ¤ ­  á®¢®ªã¯­®áâì ¬­®�¥áâ¢(10.2) S1; : : : ;Sm;â® ª �¤®¥ ¨§ ­¨å ¨¬¥¥â á¢®¥ ­®à¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢®N(Si). Ǒ¥à¥á¥ç¥­¨¥(10.3) N def= N(S1) ∩ · · · ∩N(Sm)ï¢«ï¥âáï ­®à¬ «ì­ë¬ ¯à®áâà ­áâ¢®¬ á®¢®ªã¯­®áâ¨ ¬­®�¥áâ¢ (10.2). Ǒãáâì e =dimN, â®£¤  ¥£® ª®à §¬¥à­®áâì d = n−e ï¢«ï¥âáï à §¬¥à­®áâìîá®¢®ªã¯­®áâ¨ (10.2).Ǒãáâì ¢¥ªâ®àë (10.1) ®¡à §ãîâ ¡ §¨á ­®à¬ «ì­®£® ¯®¤¯à®áâà ­áâ¢  (10.3). �®£¤ ¬ âà¨æ  (�1 : : :�e)∗ ¨¬¥¥â à ­£ e. Ǒà¥¤¯®«®�¨¬, çâ® ã íâ®© ¬ âà¨æë «¥¢ë© ¬¨­®à¯®àï¤ª  e ®â«¨ç¥­ ®â ­ã«ï, â.¥.(10.4) det�11 : : : �1e: : : : : : : : : : : :�e1 : : : �ee 

 6= 0:�¥¯¥àì ç¥à¥§ ¥¤¨­¨ç­ë¥ â®çª¨ Ee+j , j = 1; : : : ; d, ¯à®¢¥¤¥¬ «¨­¥©­ë¥ ¬­®£®®¡à §¨ïMj , ­®à¬ «ì­ë¥ ªN. �®£¤  ª �¤®¥ ¬­®£®®¡à §¨¥Mj ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ãà ¢Ä­¥­¨©
{Q : 〈�i; Q〉 = �e+j ; i = 1; : : : ; e}:�­® ¯¥à¥á¥ª ¥â ª®®à¤¨­ â­®¥ ¯®¤¯à®áâà ­áâ¢® qe+1 = · · · = qn = 0 ¢ â®çª¥(10.5) Rj def= (rj1; : : : ; rje; 0; : : : ; 0);



������������� ������� � ���Ǒ����� ��������� 31ï¢«ïîé¥©áï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ á¨áâ¥¬ë ãà ¢­¥­¨©�i1rj1 + · · ·+ �ierje = �ie+j ; i = 1; : : : ; e:� §®¡ì¥¬ ª �¤ë© n-¢¥ªâ®àX ­  ¤¢  ¯®¤¢¥ªâ®à X ′ = (x1; : : : ; xe) ¨ X ′′ = (xe+1; : : : ; xn):�®£¤  Rj = (R′j ; 0).1. �¨áâ¥¬   «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. � á¨áâ¥¬¥ (9.1) ª �¤®¥ ãà ¢­¥­¨¥¨¬¥¥â á¢®© ­®á¨â¥«ì Si, ¨ ¢á¥© á¨áâ¥¬¥ (9.1) á®®â¢¥âáâ¢ã¥â á®¢®ªã¯­®áâì ­®á¨â¥«¥©(10.2) ¨ ­®à¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢® (10.3). �á«¨ ¥£® à §¬¥à­®áâì e > 0, â® á¨áÄâ¥¬  (9.1) ª¢ §¨®¤­®à®¤­ . Ǒãáâì ¢¥ªâ®àë (10.1) ®¡à §ãîâ ¡ §¨á ¢ N ¨ ¢ë¯®«­¥­®­¥à ¢¥­áâ¢® (10.4). �®£¤  á¨áâ¥¬  ãà ¢­¥­¨© (9.1) ¨¬¥¥â ª¢ §¨®¤­®à®¤­ë¥ à¥è¥­¨ï¢¨¤ (10.6) xe+j = bjX ′R′j ; j = 1; : : : ; d;£¤¥ ¢¥ªâ®àëR′j áãâì ­¥âà¨¢¨ «ì­ë¥ ç áâ¨ ¢¥ªâ®à®¢ (10.5), bj áãâì ­¥­ã«¥¢ë¥ ª®­áâ ­Äâë, ã¤®¢«¥â¢®àïîé¨¥ á¨áâ¥¬¥ ãà ¢­¥­¨©fi(B′; B′′) = 0; i = 1; : : : ;m;¨ B′ = (1; : : : ; 1), B′′ = (be+1; : : : ; bn). �®«¥¥ â®£®, ¤«ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë (9.1)ª¢ §¨®¤­®à®¤­ë¥ à¥è¥­¨ï (10.6) ¨áç¥à¯ë¢ îâ ¢á¥ ¥¥ à¥è¥­¨ï, «¥� é¨¥ ¢­¥ ª®®à¤¨Ä­ â­ëå £¨¯¥à¯«®áª®áâ¥© xi = 0.� áâ­ë¥ á«ãç ¨ íâ®© á¨âã æ¨¨ ¡ë«¨ ¨§¢¥áâ­ë ¤ ¢­®, ®á®¡¥­­® ¤«ï á¨áâ¥¬ë ®¤­®Äà®¤­ëå ãà ¢­¥­¨© [91℄.2. �¨áâ¥¬  ���. �¡®§­ ç¨¬ n2 def= 1, n3 def= n − n1 − n2 ¨ ¯à¥¤¯®«®�¨¬, çâ®¢ á¨áâ¥¬¥ ��� (9.2) n3 6 d < n, â.¥. à §¬¥à­®áâì á®¢®ªã¯­®áâ¨ ­®á¨â¥«¥© (10.2) ­¥¬¥­ìè¥ ç¨á«  § ¢¨á¨¬ëå¯¥à¥¬¥­­ëå. Ǒãáâì ¢¥ªâ®àë (10.1) ®¡à §ãîâ¡ §¨á ­®à¬ «ìÄ­®£® ¯®¤¯à®áâà ­áâ¢  (10.3) ¨ ¢ë¯®«­¥­® á¢®©áâ¢® (10.4).�á«¨ n3 = d, â® á¨áâ¥¬  (9.2) ¨¬¥¥â ª¢ §¨®¤­®à®¤­ë¥ à¥è¥­¨ï ¢¨¤  (10.6), £¤¥bj áãâì ª®­áâ ­âë, ã¤®¢«¥â¢®àïîé¨¥ á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. Ǒà¨¬¥àëâ ª¨å à¥è¥­¨© á¬. ¢ ª®­æ¥ ¯à¨¬¥à  5 §¤¥áì, ¢ [10℄, [12℄ ¨ ¢ §3 £«. VI [30℄.�á«¨ n3 < d, â® e 6 n1 ¨ ¢¥ªâ®àX ′ á®áâ®¨â â®«ìª® ¨§ ¯ à ¬¥âà®¢. � íâ®¬ á«ãç ¥á¨áâ¥¬  (9.2) ¨¬¥¥â ª¢ §¨®¤­®à®¤­ë¥à¥è¥­¨ï ¢¨¤  (10.6) á j = l+1; : : : ; n, £¤¥ bj áãâìäã­ªæ¨¨ ®â ­®¢®© ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®©�l = xl=X ′R′l−e ;ã¤®¢«¥â¢®àïîé¨¥ á¨áâ¥¬¥ ��� á n1 − e ­®¢ë¬¨ ¯ à ¬¥âà ¬¨(10.7) �k = xk=X ′R′k−e ; k = e+ 1; : : : ; n1:



32 �.�. ������â¨ äã­ªæ¨¨ bl+1(�l); : : : ; bn(�l) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ��� á ç¨á«®¬ ¯ à ¬¥âà®¢n1 − e < n1.�à®¬¥ â®£®, ¤«ï á¨áâ¥¬ë��� (9.2) á d < n ®¤­ã £à ­¨ç­ãî § ¤ çã á ãá«®¢¨ï¬¨ ­ ¤¢ãå ª®­æ å ¨­â¥à¢ «  ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®© ¬®�­® § ¬¥­¨âì ¤¢ã¬ï £à ­¨ç­ë¬¨§ ¤ ç ¬¨ ­  ®¤­®¬ ª®­æ¥ ¨­â¥à¢ «  (á¬. â¥®à¥¬ë 7, 8, 15).3. �¨áâ¥¬  ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå. Ǒãáâì ¢ á¨áâ¥¬¥�à�Ǒ (9.2)d > n3, â.¥. e 6 n1 + n2. Ǒãáâì ¢¥ªâ®àë (10.1) ®¡à §ãîâ ¡ §¨á ­®à¬ «ì­®£® ¯®¤¯à®Äáâà ­áâ¢  (10.3) á¨áâ¥¬ë (9.2) ¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (10.4).�á«¨ d = n3, â.¥. e = n1 + n2, â® á¨áâ¥¬  (9.2) ¨¬¥¥â  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï¢¨¤  (10.6), £¤¥ bj { ª®­áâ ­âë, ã¤®¢«¥â¢®àïîé¨¥ á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©.�á«¨n1 6 e < n1+n2, â® á¨áâ¥¬  (9.2) ¨¬¥¥â  ¢â®¬®¤¥«ì­ë¥ à¥è¥­¨ï ¢¨¤  (10.6) áj = n1+n2+1; : : : ; n, £¤¥ bj áãâì äã­ªæ¨¨ ®ân1+n2−e ­®¢ëå ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå(10.8) �k = xk=X ′R′k−e ; k = e+ 1; : : : ; n1 + n2:�â¨ n3 äã­ªæ¨© bj ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ �à�Ǒ á n1 + n2 − e ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥Ä¬¥­­ë¬¨ ¨ ¡¥§ ¯ à ¬¥âà®¢.�á«¨ e < n1, â® ¢¥ªâ®à X ′ á®áâ®¨â ¨§ ¯ à ¬¥âà®¢, ¨ á¨áâ¥¬  (9.2) ¨¬¥¥â  ¢â®¬®Ä¤¥«ì­ë¥ à¥è¥­¨ï ¢¨¤  (10.6) á j = n1 + n2 + 1; : : : ; n, £¤¥ bj áãâì äã­ªæ¨¨ ®â n2­®¢ëå ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ¢¨¤  (10.8) á k = n1 + 1; : : : ; n1 + n2. �â¨ n3 ­®¢ëåäã­ªæ¨© ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ �à�Ǒ á n1 − e ­®¢ë¬¨ ¯ à ¬¥âà ¬¨ ¢¨¤  (10.7) ák = e+ 1; : : : ; n1. �â® á«¥¤ã¥â ¨§ â¥®à¥¬ 2 ¨ 10.Ǒà¨¬¥àë â ª¨å  ¢â®¬®¤¥«ì­ëå à¥è¥­¨© á¬. ¢ ¯à¨¬¥à å 4, 5, 11. �¤¥áì ãª § ­®­ ¨¬¥­ìè¥¥ ¢®§¬®�­®¥ ª®«¨ç¥áâ¢® ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ¨ ¯ à ¬¥âà®¢  ¢â®¬®Ä¤¥«ì­ëå à¥è¥­¨©, ­® ¬®�­® ¨áª âì  ¢â®¬®¤¥«ì­ë¥à¥è¥­¨ï á ¡®«ìè¨¬ ¨å ç¨á«®¬ (á¬.¯à¨¬¥à 4).2∗. �¢â®­®¬­ ï á¨áâ¥¬  ���. �á«¨ ã á¨áâ¥¬ë (9.3) à §¬¥à­®áâì d < n,¢¥ªâ®àë (10.1) ®¡à §ãîâ ¡ §¨á ¥¥ ­®à¬ «ì­®£® ¯®¤¯à®áâà ­áâ¢  ¨ ¢ë¯®«­¥­® á¢®©Äáâ¢® (10.4), â® á¨áâ¥¬  (9.3) ¨¬¥¥â ç áâ­ë¥ ¨­â¥£à «ë (â.¥. ¨­¢ à¨ ­â­ë¥ ¬­®£®®¡Äà §¨ï) ¢¨¤  (10.6), £¤¥ bj áãâì ª®­áâ ­âë, ã¤®¢«¥â¢®àïîé¨¥ á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨åãà ¢­¥­¨©.� á¨áâ¥¬ ¬ ¢¨¤  (9.3) á d < n ®â­®á¨âáï à¥§®­ ­á­ ï ­®à¬ «ì­ ï ä®à¬  á¨áâ¥¬ëâ ª®£®�¥ ¢¨¤  ¢ ®ªà¥áâ­®áâ¨ í«¥¬¥­â à­®© ­¥¯®¤¢¨�­®© â®çª¨ [11℄, [13℄, [18℄. � ­®àÄ¬ «ì­®© ä®à¬ë (9.3) ¢ § ¯¨á¨ (9.4) ¢á¥ ¢¥ªâ®à­ë¥ ¯®ª § â¥«¨Q ã¤®¢«¥â¢®àïîâ ãà ¢Ä­¥­¨î(10.9) 〈�; Q〉 = 0;£¤¥ ¢¥ªâ®à � = (�1; : : : ; �n) = F0 ®¡à §®¢ ­ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ ¬ âà¨æë «¨Ä­¥©­®© ç áâ¨ ¨áå®¤­®© á¨áâ¥¬ë. �«ï ­®à¬ «ì­®© ä®à¬ë (9.3) ¢áïª¨© ¥¥ ä®à¬ «ì­ë©(¨«¨  ­ «¨â¨ç¥áª¨© ¢ ­ã«¥) ¯¥à¢ë© ¨­â¥£à «h = ∑hQXQ ¯® Q ∈ Z
n+á®¤¥à�¨â â®«ìª® à¥§®­ ­á­ë¥ ¬®­®¬ë hQXQ, ã¤®¢«¥â¢®àïîé¨¥ ãà ¢­¥­¨î (10.9).� ç áâ­®áâ¨, ¥á«¨ ãà ¢­¥­¨¥ (10.9) ­¥ ¨¬¥¥â à¥è¥­¨© Q ∈ Z

n+, Q 6= 0, â® ¨áå®¤­ ï



������������� ������� � ���Ǒ����� ��������� 33á¨áâ¥¬  ���, ¤«ï ª®â®à®© á¨áâ¥¬  (9.3) ï¢«ï¥âáï ¥¥ ­®à¬ «ì­®© ä®à¬®©, ­¥ ¨¬¥¥âä®à¬ «ì­®£® (¨  ­ «¨â¨ç¥áª®£® ¢ ­¥¯®¤¢¨�­®© â®çª¥) ¯¥à¢®£® ¨­â¥£à « . �á«¨ ãà ¢Ä­¥­¨¥ (10.9) ¨¬¥¥â d «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨©Q ∈ Z
n+, â® ¨áå®¤­ ï á¨áâ¥¬  ¨¬¥Ä¥â ­¥ ¡®«¥¥ d ­¥§ ¢¨á¨¬ëå ¯¥à¢ëå ¨­â¥£à «®¢,  ­ «¨â¨ç¥áª¨å ¢ ­¥¯®¤¢¨�­®© â®çª¥.�âáî¤  á«¥¤ã¥â  ­ «¨â¨ç¥áª ï ­¥¨­â¥£à¨àã¥¬®áâì á¨áâ¥¬ ¢¨¤  (9.3), ãáâ ­®¢«¥­­ ï¤«ï à §«¨ç­ëå á«ãç ¥¢.�àã£®© ª« áá á¨áâ¥¬ (9.3) á d < n íâ® á¨áâ¥¬ë, ¨­¢ à¨ ­â­ë¥ ®â­®á¨â¥«ì­® ­¥¯à¥Äàë¢­®© £àã¯¯ë «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨©. � ¯à¨¬¥à, ¥á«¨ á¨áâ¥¬  (9.3) ¨­¢ à¨ ­âÄ­  ®â­®á¨â¥«ì­® ¢á¥å ¢à é¥­¨© ¢ ¯«®áª®áâ¨ x1, x2, â® ¢ § ¯¨á¨ (9.4) ã ¢á¥å ¢¥ªâ®à®¢Q¢ë¯®«­¥­® á®®â­®è¥­¨¥ q1 = q2, â.¥. ­®á¨â¥«ì á¨áâ¥¬ë (9.4) ã¤®¢«¥â¢®àï¥â ãà ¢­¥Ä­¨î (10.9) á � = (1;−1; 0; : : : ; 0). � ª¨¥ á¨áâ¥¬ë ¢áâà¥ç îâáï ¢ £¨¤à®¤¨­ ¬¨ª¥ ¯®á«¥à¥¤ãªæ¨¨ í¢®«îæ¨®­­®£® ãà ¢­¥­¨ï ­  æ¥­âà «ì­®¥ ¬­®£®®¡à §¨¥ [1℄{[3℄.2∗∗. �¨áâ¥¬  � ¬¨«ìâ®­ . �á«¨ á¨áâ¥¬  � ¬¨«ìâ®­  (9.5) ï¢«ï¥âáï ­®à¬ «ìÄ­®© ä®à¬®©, â® ã ­¥¥ ¢¥ªâ®à � ¨¬¥¥â ¢¨¤ � = (�′;−�′), £¤¥ �′ = (�1; : : : ; �l), ¨ à §«®Ä�¥­¨¥ äã­ªæ¨¨ � ¬¨«ìâ®­  (9.6) á®¤¥à�¨â â®«ìª® à¥§®­ ­á­ë¥ ç«¥­ë, ã¤®¢«¥â¢®àïÄîé¨¥ ãà ¢­¥­¨î (10.9), â.¥.(10.10) 〈�′; Q′ −Q′′〉 = 0;£¤¥ Q = (Q′; Q′′). �á«¨ ãà ¢­¥­¨¥ 〈�′; Q′〉 = 0 ¨¬¥¥â à®¢­® k «¨­¥©­® ­¥§ ¢¨á¨¬ëåà¥è¥­¨© Q′j ∈ Zl, j = 1; : : : ; k, â® á¨áâ¥¬  � ¬¨«ìâ®­  (9.5) ¨¬¥¥â l − k ­¥§ ¢¨á¨¬ëå¯¥à¢ëå ¨­â¥£à «®¢ ¢¨¤ (10.11) 〈K′; �〉;£¤¥ 〈K′; Q′j〉 = 0, j = 1; : : : ; k, %i = xixi+l, � = (%1; : : : ; %l) [22℄.�ª § «®áì, çâ® à ¢¥­áâ¢® (10.10) ¢ë¯®«­¥­® ¤«ï ª« áá¨ç¥áª¨å £ ¬¨«ìâ®­¨ ­®¢(9.6), á®®â¢¥âáâ¢ãîé¨åª¢ ­â®¢ë¬£ ¬¨«ìâ®­¨ ­ ¬­¥ª®â®àëå § ¤ çª¢ ­â®¢®© ®¯â¨Äª¨ [103℄, [104℄, [105; §2℄. Ǒà¨ íâ®¬ ª¢ ¤à â¨ç­ë¬ ¨­â¥£à « ¬ (10.11) á®®â¢¥âáâ¢ãîâ§ ª®­ë á®åà ­¥­¨ï ª®¬¡¨­ æ¨®­­®£® à áá¥¨¢ ­¨ï. �­â¥£à «ë (10.11) ª¢ ¤à â¨ç­ë¯® X , ­® «¨­¥©­ë ¯® �. � [105; §5℄ ®â¬¥ç¥­ë ¯®å®�¨¥ ­  (10.11) «¨­¥©­ë¥ ¨­â¥£à «ë¤¨áªà¥â­ëå ¬®¤¥«¥© ãà ¢­¥­¨ï �®«ìæ¬ ­ .

§11. �¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï� à¥§ã«ìâ â¥ áâ¥¯¥­­®£® ¯à¥®¡à §®¢ ­¨ï(11.1) lnY = A lnX; detA 6= 0á¨áâ¥¬  ãà ¢­¥­¨© ¯® X ­¥ª®â®à®£® â¨¯  ¯¥à¥å®¤¨â ¢ á¨áâ¥¬ã ãà ¢­¥­¨© ¯® Y íâ®£®�¥ â¨¯  (á¬. [10℄{[13℄, [18℄, [30; £«. II, §§ 3, 7; £«. III, §2; £«. VI, §2℄ ¨ â¥®à¥¬ë 3 ¨ 11íâ®© áâ âì¨). Ǒà¨ íâ®¬ ­®á¨â¥«¨ ãà ¢­¥­¨© ¨á¯ëâë¢ îâ  ää¨­­®¥ ¯à¥®¡à §®¢ ­¨¥Q̃ = A∗−1Q,   ®¡ê¥ªâë¢ á®¯àï�¥­­®¬ ¯à®áâà ­áâ¢¥Rn
∗ ¨á¯ëâë¢ îâ¯à¥®¡à §®¢ ­¨¥P̃ = AP . Ǒ®íâ®¬ã á ¯®¬®éìî áâ¥¯¥­­®£® ¯à¥®¡à §®¢ ­¨ï ¨ á®ªà é¥­¨© á¨áâ¥¬ãà §¬¥à­®áâ¨ d ¬®�­® ¯à¨¢¥áâ¨ ª á¨áâ¥¬¥, ã ª®â®à®© ­®á¨â¥«ì à á¯®«®�¥­ ¢2 ���, â. 55, ¢ë¯. 1



34 �.�. �����d-¬¥à­®¬ ª®®à¤¨­ â­®¬ ¯®¤¯à®áâà ­áâ¢¥, â.¥. ã ¢á¥å ¢¥ªâ®à­ëå ¯®ª § â¥«¥© áâ¥¯¥­¥©Q̃ = (q̃1; : : : ; q̃n) ∈ S̃i â®�¤¥áâ¢¥­­® à ¢­ë ­ã«î n− d ª®®à¤¨­ â q̃j .1. �¨áâ¥¬   «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. �¬­®� ï ª �¤®¥ ¨§ ãà ¢­¥­¨© á¨áÄâ¥¬ë (9.1) ­  XTi ¨ ¤¥« ï ­ã�­®¥ áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ (11.1), ¯à¨¢¥¤¥¬ á¨áâ¥Ä¬ã (9.1) ª ¢¨¤ã gi(y1; : : : ; yd) = 0; i = 1; : : : ;m;£¤¥ gi ¬­®£®ç«¥­ë (á¬. [7℄, [34℄ ¨ [30; £«. II, §§ 3, 7℄).� áâ­ë¥ á«ãç ¨ áâ¥¯¥­­ëå ¯à¥®¡à §®¢ ­¨©  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨á¯®«ì§®Ä¢ «¨áì ¤ ¢­®. � ª, ¤«ï à §à¥è¥­¨ï ®á®¡¥­­®áâ¥© ¨á¯®«ì§®¢ «áï á¨£¬ -¯à®æ¥áá [18℄,[91℄, [110℄. �â® ª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì áâ¥¯¥­­ëå ¯à¥®¡à §®¢ ­¨© (11.1) á ¬ âÄà¨æ ¬¨ ¢¨¤  A = E ± Aij , £¤¥ E { ¥¤¨­¨ç­ ï ¬ âà¨æ  ¨ ã ¬ âà¨æë Aij í«¥¬¥­â ­ ¯¥à¥á¥ç¥­¨¨ i-© áâà®ª¨ ¨ j-£® áâ®«¡æ  à ¢¥­ ¥¤¨­¨æ¥,   ®áâ «ì­ë¥ í«¥¬¥­âë à ¢­ë­ã«î. Ǒà®¨§¢¥¤¥­¨¥ ¬ âà¨æ â ª®£® ¢¨¤  ï¢«ï¥âáï ã­¨¬®¤ã«ïà­®© ¬ âà¨æ¥©.2. �¨áâ¥¬ ���. �«ï á¨áâ¥¬ë���(9.2) áâ¥¯¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï (11.1) ã¤®¡Ä­® ¡à âì «¨èì á ¡«®ç­®âà¥ã£®«ì­®© ¬ âà¨æ¥©(11.2) A = (A11 0A12 A22) ;£¤¥ ª¢ ¤à â­ ï ¬ âà¨æ  A11 ¨¬¥¥â à §¬¥à n1, á®®â¢¥âáâ¢ãîé¨© ç¨á«ã ¯ à ¬¥âà®¢,çâ®¡ë ­®¢ë¥ ¯ à ¬¥âàë § ¢¨á¥«¨ â®«ìª® ®â áâ àëå ¯ à ¬¥âà®¢ ¨ ­¥ § ¢¨á¥«¨ ®â áâ Äàëå ¯¥à¥¬¥­­ëå. Ǒà¨ íâ®¬ ­ ¤® áâà¥¬¨âìáï ª â®¬ã, çâ®¡ë, ¢®-¯¥à¢ëå, ¬ ªá¨¬ «ìÄ­® ¢®§¬®�­®¥ ª®«¨ç¥áâ¢® ­®¢ëå ¯ à ¬¥âà®¢ ¢å®¤¨«® ¢ ¯à¥®¡à §®¢ ­­ãî á¨áâ¥¬ã ¢­ã«¥¢ëå áâ¥¯¥­ïå, â.¥. ­¥ ¢å®¤¨«® ¢®¢á¥, ¨, ¢®-¢â®àëå, ¯® ¢®§¬®�­®áâ¨ ã ¡®«ìè¥£®ª®«¨ç¥áâ¢  ­®¢ëå § ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå yj á j > l ¯®ª § â¥«¨ q̃j ¢ ­®á¨â¥«ïå ¢á¥åãà ¢­¥­¨© à ¢­ï«¨áì ­ã«î. �®£¤  íâ¨ ª®®à¤¨­ âë yj ¬®�­® § ¬¥­¨âì ­  d ln yj=dyl ¨¯®­¨§¨âì ¯®àï¤®ª á¨áâ¥¬ë ¯® íâ®© ª®®à¤¨­ â¥ (á¬. â¥®à¥¬ë 6 ¨ 14, ¯à¨¬¥à 10).�«¥¤ã¥â ®â¬¥â¨âì, çâ®, ¢®®¡é¥ £®¢®àï, ¯à¨ áâ¥¯¥­­®¬ ¯à¥®¡à §®¢ ­¨¨ (11.1) ¤¨äÄä¥à¥­æ¨ «ì­ë© ¯®«¨­®¬ fi(X) ¯¥à¥å®¤¨â ¢ ®â­®è¥­¨¥ ¤¢ãå ¤¨ää¥à¥­æ¨ «ì­ëå ¯®«¨Ä­®¬®¢ fi(X) = gi(Y )=h(Y ), £¤¥ ­®á¨â¥«ì S(h) á®áâ®¨â ¨§ ®¤­®© â®çª¨ { ­ã«ï. Ǒ®íÄâ®¬ã á¨áâ¥¬  ãà ¢­¥­¨© (9.2) ¯¥à¥å®¤¨â ¢ á¨áâ¥¬ã gi(Y ) = 0, i = 1; : : : ;m. �á«¨ ¢¬ âà¨æ¥ A22 ¢ (11.2) ¢¥àå­ïï áâà®çª  ¨¬¥¥â ¢¨¤ (a; 0; : : : ; 0), â.¥. ­®¢ ï ­¥§ ¢¨á¨¬ ï¯¥à¥¬¥­­ ï ­¥ § ¢¨á¨â ®â áâ àëå § ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå, â® h(Y ) ≡ 1 (á¬. [30; £«. VI,
§2℄ ¨ §¤¥áì §5, § ¬¥ç ­¨¥ 1).3. �¨áâ¥¬  �à�Ǒ. �«ï ­¥¥ áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ (11.1) ­ ¤® ¡à âì á ¡«®çÄ­®âà¥ã£®«ì­®©¬ âà¨æ¥© (11.2). �à®¬¥ â®£®, ¯à¨ áâ¥¯¥­­®¬¯à¥®¡à §®¢ ­¨¨ ­ ¤® áâà¥Ä¬¨âìáï ª â®¬ã, çâ®¡ë ã ­®á¨â¥«¥© ¯à¥®¡à §®¢ ­­ëå ãà ¢­¥­¨© ¡ë«® ¡®«ìè¥ ­ã«¥¢ëåª®®à¤¨­ â, á®®â¢¥âáâ¢ãîé¨å ¯ à ¬¥âà ¬ ¨ ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬. � ¯à¥®¡à §®Ä¢ ­­®© á¨áâ¥¬¥ íâ® ã¬¥­ìè ¥â ª®«¨ç¥áâ¢® ¯ à ¬¥âà®¢ ¨ áãé¥áâ¢¥­­ëå ­¥§ ¢¨á¨¬ëå¯¥à¥¬¥­­ëå. �¡® ¤«ï ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®© yj á ­ã«¥¢ë¬ ¯®ª § â¥«¥¬ ¢ ­®á¨â¥«ïå¬®�­® á¤¥« âì «®£ à¨ä¬¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ zj = ln yj , ­¥ ­ àãè ï å à ªâ¥à ãà ¢­¥­¨© ª ª ¤¨ää¥à¥­æ¨ «ì­ëå ¬­®£®ç«¥­®¢ (á¬. [26℄{[29℄, [30; £«. VI, §3℄, [31℄ ¨§¤¥áì §6). �¥è¥­¨ï, ª®â®àë¥ ­¥ § ¢¨áïâ ®â íâ¨å ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå zj , ï¢«ïîâÄáï  ¢â®¬®¤¥«ì­ë¬¨.



������������� ������� � ���Ǒ����� ��������� 352∗. �¢â®­®¬­ ï á¨áâ¥¬  ���. � ¯®¬®éìî áâ¥¯¥­­®£® ¯à¥®¡à §®¢ ­¨ï (11.1)¨ § ¬¥­ë ¢à¥¬¥­¨ ¢¨¤  d~t = XT dt á¨áâ¥¬ã (9.4) ¬®�­® ¯à¨¢¥áâ¨ ª ¢¨¤ã(11.3) _(ln yi) = gi(y1; : : : ; yd); i = 1; : : : ; n:� íâ®© á¨áâ¥¬ë ®âé¥¯«ï¥âáï ¯®¤á¨áâ¥¬  ¤«ï y1; : : : ; yd. �áâ «ì­ë¥ yj ¯®«ãç îâáï ¨§­¨å á ¯®¬®éìî ª¢ ¤à âãà (á¬. [10℄{[13℄, [18℄, [30; £«. III, §2℄).� ç áâ­®áâ¨, ¤«ï ­®à¬ «ì­®© ä®à¬ë (9.4), (10.9) à §¬¥à­®áâì d ­¥ ¯à¥¢®áå®¤¨âªà â­®áâ¨ à¥§®­ ­á . Ǒ®íâ®¬ã á ¯®¬®éìî áâ¥¯¥­­®£® ¯à¥®¡à §®¢ ­¨ï ¥¥ ¨­â¥£à¨à®Ä¢ ­¨¥ á¢®¤¨âáï ª à¥è¥­¨î á¨áâ¥¬ë ¯®àï¤ª  d (á¬. [11℄, [13℄, [18℄).2∗∗. �¨áâ¥¬  � ¬¨«ìâ®­ . �®®¡é¥ £®¢®àï, áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ (11.1)­¥ ï¢«ï¥âáï ª ­®­¨ç¥áª¨¬ ¨ à §àãè ¥â £ ¬¨«ìâ®­®¢ã áâàãªâãàã á¨áâ¥¬ë (9.5). � [22;£«. I, §3℄ ãª § ­®ª ­®­¨ç¥áª®¥¯à¥®¡à §®¢ ­¨¥, ª®â®à®¥¯®­¨� ¥â ç¨á«® áâ¥¯¥­¥© á¢®Ä¡®¤ë á¨áâ¥¬ë � ¬¨«ìâ®­  (9.5), ¥á«¨ dimAFFS(h) < n. � ¨¬¥­­®, ¥á«¨ ãà ¢­¥­¨¥
〈�′; Q′〉 = 0 ¨¬¥¥â k «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© Q′ ∈ Zl, â® á¨áâ¥¬  � ¬¨«ìâ®Ä­  (9.5) ¯à¨¢®¤¨âáï ª á¨áâ¥¬¥ � ¬¨«ìâ®­  á k áâ¥¯¥­ï¬¨ á¢®¡®¤ë ¨ l−k ¯ à ¬¥âà ¬¨.� ¬¥ç ­¨¥ 3. �«£®à¨â¬ë ¢ëç¨á«¥­¨ï ¬ âà¨æë A ¤«ï áâ¥¯¥­­®£® ¯à¥®¡à §®¢ Ä­¨ï (11.1), ¯à¨¢®¤ïé¥£® á¨áâ¥¬ã ª ãª § ­­ë¬ ã¯à®é¥­¨ï¬, ®¯¨á ­ë ¢ [30; £«. I, §11℄.

§12. �¨­¥©­ë¥ ­¥à ¢¥­áâ¢ �¥¯¥àì à áá¬ âà¨¢ îâáï  «£¥¡à ¨ç¥áª¨¥ ¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, ­®á¨â¥Ä«¨ ª®â®àëå­¥ ®¡ï§ ­ë«¥� âì ¢ «¨­¥©­®¬ ¬­®£®®¡à §¨¨¬¥­ìè¥© à §¬¥à­®áâ¨. �® ¯®­®á¨â¥«î S(f) ãà ¢­¥­¨ï 0 = f(X) = ∑ aQ(X) = 0 áâà®¨âáï ¥£® ¢ë¯ãª« ï ®¡®«®çÄª �. Ǒ®¢¥àå­®áâì��¬­®£®£à ­­¨ª � á®áâ®¨â¨§ £à ­¥©�(d)j à §­ëåà §¬¥à­®áâ¥© d.� �¤®© £à ­¨ �(d)j á®®â¢¥âáâ¢ã¥â £à ­¨ç­®¥ ¯®¤¬­®�¥áâ¢® S(d)j = �(d)j ∩ S ⊂ R
n ¨­®à¬ «ì­ë© ª®­ãáU(d)j ⊂ Rn

∗ . �à®¬¥ â®£®, ª �¤®© £à ­¨ �(d)j á®®â¢¥âáâ¢ã¥â ãª®à®Äç¥­­®¥ ãà ¢­¥­¨¥(12.1) 0 = f̂ (d)j (X) def= ∑ aQ(X) ¯® Q ∈ S(d)j¨ ¬­®�¥áâ¢® U (d)j (") ¢ X-¯à®áâà ­áâ¢¥. Ǒà¨ íâ®¬ ãª®à®ç¥­­®¥ ãà ¢­¥­¨¥ (12.1) ï¢Ä«ï¥âáï ¯¥à¢ë¬ ¯à¨¡«¨�¥­¨¥¬ ãà ¢­¥­¨ï f(X) = 0 ¢ ¬­®�¥áâ¢¥U (d)j (") (á¬. [18℄).�«ï ¯®«­®© á¨áâ¥¬ë ãà ¢­¥­¨© â ª¨¬ ®¡à §®¬ ¢ë¤¥«ï¥âáï ãª®à®ç¥­­ ï á¨áâ¥¬ ,ª®â®à ï ¨¬¥¥â à §¬¥à­®áâì d < n, á¢®© ­®à¬ «ì­ë© ª®­ãá ¨ á¢®¥ ¬­®�¥áâ¢® â¨¯ U ("), £¤¥ ®­  ï¢«ï¥âáï ¯¥à¢ë¬ ¯à¨¡«¨�¥­¨¥¬ ¯®«­®© á¨áâ¥¬ë. Ǒà¨ íâ®¬ ¥á«¨ ¯®«­ ïá¨áâ¥¬  ¨¬¥¥â à¥è¥­¨¥, «¥� é¥¥ ¢ ¬­®�¥áâ¢¥U ("), â® ¥£® ¯¥à¢®¥ ¯à¨¡«¨�¥­¨¥ ï¢«ïÄ¥âáï à¥è¥­¨¥¬ á®®â¢¥âáâ¢ãîé¥© ãª®à®ç¥­­®© á¨áâ¥¬ë [25℄, [27℄{[31℄. �â® ¯®§¢®«ï¥â¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨âì  á¨¬¯â®â¨ª¨ à¥è¥­¨© ¨ ¨å  á¨¬¯â®â¨ç¥áª¨¥ à §«®�¥­¨ï.�«ï ­ å®�¤¥­¨ï à¥è¥­¨© ãª®à®ç¥­­ëå á¨áâ¥¬ ¬®�­® ¨á¯®«ì§®¢ âì áâ¥¯¥­­ë¥ ¨ «®£ Äà¨ä¬¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï, ª ª ®¯¨á ­® ¢ëè¥. �¬¥­­® íâ¨¬ ¢®¯à®á ¬ ¤«ï à §­ëåâ¨¯®¢ ãà ¢­¥­¨© ¯®á¢ïé¥­ë £«. II{VI [30℄ (á¬. â ª�¥ [27℄{[29℄, [31℄). 2*



36 �.�. ������ ¨¬¥­­®, á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (9.1) à áá¬®âà¥­ë ¢ £«. II. �¨áâ¥¬ë®¡ëª­®¢¥­­ëå¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© { ¢ §§1{4 £«. VI. �¡é¨¥ á¨áâ¥¬ë ãà ¢­¥Ä­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå { ¢ §§ 1, 5, 6 £«. VI. �¨áâ¥¬ë ãà ¢­¥­¨© ¢¨¤  (9.3) { ¢ £«. III¨ V,   á¨áâ¥¬ë � ¬¨«ìâ®­  (9.5) { ¢ £«. IV.� [4℄ ¨ [30; £«. I℄ ®¯¨á ­ë  «£®à¨â¬ë ¢ëç¨á«¥­¨ï £à ­¨ç­ëå ¯®¤¬­®�¥áâ¢ (â.¥. ãª®Äà®ç¥­­ëå á¨áâ¥¬) ¨ ¨å ­®à¬ «ì­ëå ª®­ãá®¢.Ǒ¥à¥ç¨á«¨¬ ¯à¨¬¥­¥­¨ï áâ¥¯¥­­®© £¥®¬¥âà¨¨, ­¥ ¢®è¥¤è¨¥ ¢ ª­¨£ã [30℄.2∗. �¢â®­®¬­ ï á¨áâ¥¬  ���. �«ï á¨áâ¥¬ ��� (9.3) â¨¯  2∗ íâ  â¥å­¨ª ¯®§¢®«ï¥â ¢ëç¨á«ïâì  á¨¬¯â®â¨ç¥áª¨¥ à §«®�¥­¨ï ­¥ â®«ìª® ¤«ï  á¨¬¯â®â¨ç¥áª¨åà¥è¥­¨©, ­® ¨ ¤«ï ­¥©âà «ì­ëå (¯¥à¨®¤¨ç¥áª¨å, ãá«®¢­® ¯¥à¨®¤¨ç¥áª¨å ¨ â.¤.) [18℄.�«ï íâ®£® ¯® ãª®à®ç¥­­®© á¨áâ¥¬¥ ­ å®¤¨âáï áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥, ¯à¨¢®¤ïé¥¥¥¥ ª á¨áâ¥¬¥ ¢¨¤  (11.3). �â® áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ ¤¥« ¥âáï ¢ ¯®«­®© á¨áâ¥¬¥.� â¥¬ ¢ ®ªà¥áâ­®áâ¨ ª �¤®© í«¥¬¥­â à­®© ®á®¡®© â®çª¨ á yd+1 = · · · = yn = 0¯®«­ ï á¨áâ¥¬  ¯à¨¢®¤¨âáï ª ­®à¬ «ì­®© ä®à¬¥. �á«¨ ­ã�­®, ¢ ­®à¬ «ì­®© ä®à¬¥¤¥« ¥âáï ¤àã£®¥ áâ¥¯¥­­®¥ ¯à¥®¡à §®¢ ­¨¥. � [21℄, [86℄ íâ®â ¯®¤å®¤ ¢¯¥à¢ë¥ ¡ë« ¨áÄ¯®«ì§®¢ ­ ¤«ï  ­ «¨§  à¥è¥­¨© ª®­ªà¥â­ëå á¨áâ¥¬. � [39℄, [40℄, [42℄, [43℄ ¨ ¢ £«. V [30℄íâ¨¬ ¬¥â®¤®¬ ¨§ãç¥­  ª®­ªà¥â­ ï á¨áâ¥¬  ¢¨¤  (9.3). � [3℄ íâ®â �¥ ¯®¤å®¤ ¨á¯®«ì§®Ä¢ ­ ¤«ï ¤àã£®© á¨áâ¥¬ë (9.3), ¢®§­¨ªè¥© ¢ £¨¤à®¤¨­ ¬¨ç¥áª®© § ¤ ç¥.�à®¬¥ â®£®, ¢ [13℄ ¯à¨ ¤®ª § â¥«ìáâ¢¥ à áå®¤¨¬®áâ¨ ­®à¬ «¨§ãîé¥£® ¯à¥®¡à §®Ä¢ ­¨ï ¤«ï á¨áâ¥¬ â¨¯  (9.3) ¨á¯®«ì§®¢ «¨áì á®®¡à �¥­¨ï áâ¥¯¥­­®© £¥®¬¥âà¨¨ ¤«ï¢ë¤¥«¥­¨ï ¯¥à¢ëå ¯à¨¡«¨�¥­¨© íâ¨å ¯à¥®¡à §®¢ ­¨© ¨ ï¢­ëå ®æ¥­®ª â¥©«®à®¢áª¨åª®íää¨æ¨¥­â®¢ ¢ë¤¥«¥­­ëå ¯¥à¢ëå ¯à¨¡«¨�¥­¨©. � [24℄ ¯à¥¤¯à¨­ïâ  ¯®¯ëâª  ¯®Ä¯ã«ïà­® ®¡êïá­¨âì íâ¨ £¥®¬¥âà¨ç¥áª¨¥ ª®­áâàãªæ¨¨, ­® ®­¨ ¤® á¨å ¯®à ®áâ «¨áì ­¥¯®­ïâë¬¨. �«ï ¤¢ã¬¥à­ëå ¢¥é¥áâ¢¥­­ëå á¨áâ¥¬ (9.3) ¢ [19℄, [20℄ ¤ ­ë ¤®ª § â¥«ìáâÄ¢  à áå®¤¨¬®áâ¨ ­®à¬ «¨§ãîé¥£® ¯à¥®¡à §®¢ ­¨ï, â ª�¥ ¨á¯®«ì§ãîé¨¥ áâ¥¯¥­­ãî£¥®¬¥âà¨î.�«ï «¨­¥©­®© ­¥ ¢â®­®¬­®© á¨áâ¥¬ë ��� ¢¨¤  _X = �(t)X áâ¥¯¥­­ ï £¥®¬¥âà¨ïâ ª�¥¯®§¢®«ï¥â ¯®«ãç¨âì ­®¢ë¥à¥§ã«ìâ âë¨¨­â¥à¯à¥â¨à®¢ âì áâ àë¥ (á¬. [13; ¢¢¥Ä¤¥­¨¥℄, [19℄, [20℄, [32℄).� ¬¥ç ­¨¥ 4. � [10℄, [12℄, [18℄ ¨ ¢ £«. III [30℄ ¯à®æ¥¤ãà  ¢ëç¨á«¥­¨ï  á¨¬¯â®â¨ªà¥è¥­¨© á¨áâ¥¬ë (9.3) ®á­®¢ ­  ­  à áá¬®âà¥­¨¨ ¢ Rn ®¤­®£® ­®á¨â¥«ï ¢á¥© á¨áâ¥¬ë.�®§¬®�­®, ¡®«¥¥ ã­¨¢¥àá «ì­ë¬ ï¢«ï¥âáï ®¡é¨© ¯®¤å®¤, á®£« á­® ª®â®à®¬ã ª �¤®¬ããà ¢­¥­¨îá¨áâ¥¬ë (9.3) áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ á¢®© ­®á¨â¥«ì ¢Rn+1 ¨ãª®à®ç¥­­ë¥á¨áâ¥¬ë ­ å®¤ïâáï ¯® íâ¨¬ ­®á¨â¥«ï¬ á®£« á­® ®¡é¨¬ ¯à ¢¨« ¬.3∗. �¨­¥©­®¥ ãà ¢­¥­¨¥ ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå (9.7). � â¥à¬¨­ å ­®á¨â¥Ä«ï á¨¬¢®«ì­®£® ¯®«¨­®¬  (9.8) ä®à¬ã«¨à®¢ «¨áì ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ «®ª «ìÄ­ãî à §à¥è¨¬®áâì ­¥ª®â®àëå § ¤ ç ¤«ï ãà ¢­¥­¨ï (9.7). Ǒ®áª®«ìªã«®ª «ì­ë¬á¢®©Äáâ¢ ¬ (¢ ®ªà¥áâ­®áâ¨ â®çª¨X02 ) á®®â¢¥âáâ¢ã¥â ª®­ãá § ¤ ç¨ {P2 < 0}¤«ï ­®á¨â¥«ïS1¤¨ää¥à¥­æ¨ «ì­®£® ¯®«¨­®¬  g(D)u ¨ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® S(g) = −S1, â® ¤«ï ­®Äá¨â¥«ïS(g) íâ¨¬ «®ª «ì­ë¬á¢®©áâ¢ ¬ á®®â¢¥âáâ¢ã¥â ª®­ãá § ¤ ç¨ {P2 > 0}. � à ¡®Äâ å [9℄, [53℄, [55℄{[57℄, [78℄{[81℄, [107℄{[109℄ á¨¬¢®«ì­ë© ¯®«¨­®¬ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥g(iZ) = a(Z) + ib(Z) = ∑ aKZK +∑ bLZL:�ç¥¢¨¤­®,S(g) = S(a)∪S(b). � áá¬ âà¨¢ îâáï¬­®£®£à ­­¨ª¨�{ ¢ë¯ãª« ï ®¡®«®çÄª  ­®á¨â¥«ïS(a) { ¨�1 { ¢ë¯ãª« ï ®¡®«®çª ¬­®�¥áâ¢ S(a)∪{0}. �¬­®£®£à ­­¨ª �



������������� ������� � ���Ǒ����� ��������� 37¢ë¤¥«ï¥âáï ¥£® ¢¥¤ãé ï ç áâì ®â­®á¨â¥«ì­® ®âà¨æ â¥«ì­®£® ®àâ ­â Rm
− = {K 6 0}:�̃ = �=Rm

− (á¬. [30; £«. I, §8℄), ¨ ã ¬­®£®ç«¥­  a(Z) ¢ë¤¥«ï¥âáï ¥£® £« ¢­ ï ç áâìã(Z) = ∑ akZk ¯® K ∈ �̃:Ǒà¥¤¯®« £ ¥âáï, çâ®( ) ¬­®�¥áâ¢® �̃ ¨¬¥¥â â®çª¨ ­  ª �¤®© ª®®à¤¨­ â­®© ®á¨;(¡) ª �¤ë© ãª®à®ç¥­­ë© ¬­®£®ç«¥­ â(m−1)j (Z), á®®â¢¥âáâ¢ãîé¨© £¨¯¥à£à ­¨�(m−1)j ⊂ �̃ (â.¥. á ­®à¬ «ì­ë¬ ¢¥ªâ®à®¬ P > 0), ­¥ ¨¬¥¥â ¢¥é¥áâ¢¥­­ëåª®à­¥© ¢­¥ ª®®à¤¨­ â­ëå ¯®¤¯à®áâà ­áâ¢.�®£¤  ¯à¨ ¢¥é¥áâ¢¥­­®¬ Z → ∞ ¢ë¯®«­ï¥âáï ®æ¥­ª 
|a(Z)| > 
∑Zk ¯® K ∈ V;£¤¥ ¯®áâ®ï­­ ï 
 > 0,  V íâ® ¬­®�¥áâ¢® ¢¥àè¨­ £¨¯¥à¯®¢¥àå­®áâ¨ �̃. � ª ï ®æ¥­ª ¯®§¢®«ï¥â ¤®ª § âì £¨¯®í««¨¯â¨ç­®áâì ãà ¢­¥­¨ï (9.7) ¨ «®ª «ì­ãî à §à¥è¨¬®áâìâ¥å ¨«¨ ¨­ëå § ¤ ç ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (9.7) (á¬. [9℄, [53℄, [55℄{[57℄,[78℄{[81℄, [107℄{[109℄). � íâ¨å à ¡®â å à áá¬ âà¨¢ «®áì â ª�¥ â ª®¥ ãà ¢­¥­¨¥ (9.7),¢ ª®â®à®¬ ®¯¥à â®à g(D) § ¢¨á¨â ®â ª®®à¤¨­ â x1; : : : ; xm. �® íâ  § ¢¨á¨¬®áâì ¯à¥¤Ä¯®« £ « áì á« ¡®© ¨ ­¥ ¢«¨ïîé¥© ­  áâàãªâãàã ¬­®£®£à ­­¨ª  �̃. �à®¬¥ â®£®, ¢ [108℄à áá¬ âà¨¢ « áì á¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨©.Ǒ¥à¥ç¨á«¨¬ ­¥ª®â®àë¥ § ¤ ç¨ à §­ëå ¤¨áæ¨¯«¨­, ¢ ª®â®àëå ¡ë«¨ ¯®«ãç¥­ë ­®¢ë¥à¥§ã«ìâ âë á ¯®¬®éìî áâ¥¯¥­­®© £¥®¬¥âà¨¨.1. �«£¥¡à ¨ç¥áª¨¥ ãà ¢­¥­¨ï. � [37℄ ¨ [30; £«. II, §9℄ ¡ë«¨ ¨§ãç¥­ë ®á®¡ë¥¯®«®�¥­¨ï ¬¥å ­¨§¬®¢ (à®¡®â®â¥å­¨ª ).2. ���. �§ãç¥­ë á¥¬¥©áâ¢  ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨© ãà ¢­¥­¨ï ¯«®áª¨å ª®«¥Ä¡ ­¨© á¯ãâ­¨ª  ­  í««¨¯â¨ç¥áª®© ®à¡¨â¥ (ãà ¢­¥­¨ï �¥«¥æª®£®) ¨ ¨å ®á®¡¥­­®áâ¨[44℄{[47℄, [87℄{[89℄ (­¥¡¥á­ ï ¬¥å ­¨ª ).3. �à�Ǒ. � ­® áâà®£®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¡®á­®¢ ­¨¥ â¥®à¨¨ ¯®£à ­¨ç­®£® á«®ï ¢¯à®áâ¥©è¥© § ¤ ç¥ ®¡â¥ª ­¨ï (á¬. [30; £«. VI, §6℄ ¨ [48℄{[50℄ (£¨¤à®¤¨­ ¬¨ª ). �®«¥¥á«®�­ë¥ § ¤ ç¨ á ¯®£à ­¨ç­ë¬ á«®¥¬ à áá¬®âà¥­ë ¢ [100℄, [101℄.2∗∗. �¨áâ¥¬  � ¬¨«ìâ®­ . �á®¡¥­­®áâ¨ ¯à®áâà ­áâ¢¥­­ëå ª®«¥¡ ­¨© á¯ãâ­¨Äª  ­  ªàã£®¢®© ®à¡¨â¥ [30; £«. IV, §3℄. �á®¡¥­­®áâ¨ á¥¬¥©áâ¢ ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©®£à ­¨ç¥­­®© § ¤ ç¨ âà¥å â¥« [17℄, [30; £«. IV, §4℄, [31℄ (­¥¡¥á­ ï ¬¥å ­¨ª ).� ¬¥ç ­¨¥ 5. �¥§ã«ìâ âë, ¨á¯®«ì§ãîé¨¥ £«®¡ «ì­ë¥ á¢®©áâ¢  ¬­®£®£à ­­¨ª®¢,¨¬¥îâáï â®«ìª® ¤«ï á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. � ¯à¨¬¥à, â ª®©. � á«ãç ¥®¡é¥£® ¯®«®�¥­¨ï ç¨á«® à¥è¥­¨© á¨áâ¥¬ë n  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ®â n ­¥¨§Ä¢¥áâ­ëå à ¢­® á¬¥è ­­®¬ã ®¡ê¥¬ã�¨­ª®¢áª®£®¬­®£®£à ­­¨ª®¢�ìîâ®­  íâ¨å ãà ¢Ä­¥­¨© [7℄. � à ¡®â å�®¢ ­áª®£®¨ ¥£® ª®««¥£ ãáâ ­®¢«¥­ë¨­â¥à¥á­ë¥ á¢ï§¨¬¥�¤ã â®Ä¯®«®£¨ç¥áª®© áâàãªâãà®©  «£¥¡à ¨ç¥áª®£® ¬­®£®®¡à §¨ï ¨ ¬­®£®£à ­­¨ª ¬¨�ìîâ®Ä­  ãà ¢­¥­¨©, § ¤ îé¨å íâ¨ ¬­®£®®¡à §¨ï [52℄, [54℄, [61℄{[69℄, [85℄. �á­®¢­ë¬ ¤®áâ¨Ä�¥­¨¥¬ §¤¥áì ï¢«ï¥âáï ®âªàëâ¨¥ á¢ï§¨ ¬­®£®£à ­­¨ª®¢ �ìîâ®­  ¨ â®à¨ç¥áª¨å ¬­®Ä£®®¡à §¨©, â.¥. ¯®áâà®¥­¨¥ â®à¨ç¥áª®© ª®¬¯ ªâ¨ä¨ª æ¨¨ ¨ à §à¥è¥­¨ï ®á®¡¥­­®áâ¥©



38 �.�. �����¤«ï ¤®áâ â®ç­® ®¡é¨å á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© á ä¨ªá¨à®¢ ­­ë¬¨ ¬­®£®Ä£à ­­¨ª ¬¨ �ìîâ®­ . �â  ª®­áâàãªæ¨ï ¯®§¢®«¨«  ¯à¨¬¥­¨âì â¥®à¨î â®à¨ç¥áª¨å¬­®£®®¡à §¨©ª¬­®£®£à ­­¨ª ¬¨ ¯à¨¢¥«  ª à¥è¨â¥«ì­®¬ã ¯à®£à¥ááã ¢ íâ®© ®¡« áâ¨.�¬. ®¡§®à à ¡®â �®¢ ­áª®£® [69℄.
§13. �áâ®à¨ç¥áª¨¥ § ¬¥ç ­¨ï� ¡®âë, ¨á¯®«ì§ãîé¨¥ ¯®¤å®¤ë áâ¥¯¥­­®© £¥®¬¥âà¨¨, à §¤¥«ïîâáï ­  3 áâàã¨ á®á¢®¨¬¨ ¨áâ®ç­¨ª ¬¨:1. � ¡®âë  ¢â®à  ¨ ¥£® ¯®á«¥¤®¢ â¥«¥©, ­ ç¨­ ï á [10℄;2. � ¡®âë �.Ǒ. �¨å ©«®¢  ¨ ¥£® ¯®á«¥¤®¢ â¥«¥©, ­ ç¨­ ï á [78℄;3. � ¡®âë �.�. �à­®«ì¤  ¨ ¥£® ¯®á«¥¤®¢ â¥«¥©, ­ ç¨­ ï á [5℄.�¨�¥ á ¯®§¨æ¨©  ¢â®à  ¨§« £ ¥âáï ¨áâ®à¨ï \â¥ç¥­¨©" ¢ íâ¨å áâàãïå ¨ ¨å ¢§ ¨¬­ëå¢«¨ï­¨©.1. � [10℄ ¤«ï á¨áâ¥¬ë (9.3) ¢¢¥¤¥­ë ¬­®£®£à ­­¨ª á¨áâ¥¬ë, ¥£® £à ­¨, ãª®à®ç¥­­ë¥á¨áâ¥¬ë, ­®à¬ «ì­ë¥ ª®­ãáë, áâ¥¯¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨ ¯à¨¬¥­¥­ë ¤«ï ¢ëç¨á«¥Ä­¨ï  á¨¬¯â®â¨ª  á¨¬¯â®â¨ç¥áª¨å à¥è¥­¨© (á¬. â ª�¥ [12℄, [14℄, [15℄, [18℄, [30; £«. III℄).� [15℄ íâ®â ¯®¤å®¤ à á¯à®áâà ­¥­ ­  ¢ëç¨á«¥­¨¥ ¢¥â¢¥©  «£¥¡à ¨ç¥áª®© ªà¨¢®© ¢¡«¨Ä§¨ ¢ëà®�¤¥­­®© ªà¨â¨ç¥áª®© â®çª¨ (á¬. â ª�¥ [16℄, [18℄, [30; £«. II℄, [33℄{[36℄, [93℄).� [15℄ ª �¤®¬ã ­®à¬ «ì­®¬ã ª®­ãáã ¢ R

n
∗ ¯®áâ ¢«¥­® ¢ á®®â¢¥âáâ¢¨¥ á¢®¥ ¬­®�¥áâÄ¢® U (") ¢ X-¯à®áâà ­áâ¢¥ ¨ ¢¢¥¤¥­ë áâ¥¯¥­­ë¥ àï¤ë, ­®á¨â¥«¨ ª®â®àëå «¥� â ¢ § Ä¤ ­­®¬ ª®­ãá¥ (á¬. â ª�¥ [18℄). � [17℄ á ¯®¬®éìî ¬­®£®£à ­­¨ª  �ìîâ®­  äã­ªæ¨¨� ¬¨«ìâ®­  ¡ë«¨ ¢ë¤¥«¥­ë ¯¥à¢ë¥ ¯à¨¡«¨�¥­¨ï ¤«ï á¨áâ¥¬ë � ¬¨«ìâ®­  ¢¡«¨§¨®á®¡¥­­®áâ¨ (á¬. â ª�¥ [23℄, [30; £«. IV℄, [31℄, [41℄, [95℄). � [92℄ ¡ë«  ­ ç â  à §à ¡®âÄª   «£®à¨â¬  ¤«ï ¢ëç¨á«¥­¨ï ¬­®£®£à ­­¨ª , ¥£® £à ­¥© ¨ ­®à¬ «ì­ëå ª®­ãá®¢ ¯®§ ¤ ­­®¬ã ­®á¨â¥«î (á¬. â ª�¥ [94℄, [4℄, [30; £«. I℄). � [38℄ ¯®¤å®¤ áâ¥¯¥­­®© £¥®¬¥âÄà¨¨ ¡ë« à á¯à®áâà ­¥­ ­  à §à¥è¥­¨¥ ®á®¡¥­­®áâ¥© «î¡ëå  «£¥¡à ¨ç¥áª¨å ¬­®£®Ä®¡à §¨© (á¬. â ª�¥ [30; £«. II℄). � [25℄ ¯®ª § ­®, ª ª á ¯®¬®éìî áâ¥¯¥­­®© £¥®¬¥âà¨¨¢ë¤¥«ïâì ¯¥à¢ë¥ ¯à¨¡«¨�¥­¨ï «î¡ëå á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ­ å®Ä¤¨âì  á¨¬¯â®â¨ª¨ ¨å à¥è¥­¨©. � ç áâ­®áâ¨, ¯®ª § ­®, çâ® ¯®¤å®¤ë à ¡®â [55℄{[57℄,[78℄{[81℄, [107℄{[109℄ ¤«ï ãà ¢­¥­¨ï (9.7) ¨ à¥§ã«ìâ âë à ¡®âë [102℄ ¯® á¨­£ã«ïà­ë¬¢®§¬ãé¥­¨ï¬ ãª« ¤ë¢ îâáï ¢ ®¡éãî áå¥¬ã (á¬. â ª�¥ [27℄{[29℄, [30; £«. VI, §1℄, [31℄).� [26℄ § ¬¥ç¥­®, çâ® ¯à¨ áâ¥¯¥­­®¬ ¯à¥®¡à §®¢ ­¨¨ ­®á¨â¥«ì ¤¨ää¥à¥­æ¨ «ì­®£® ¯®Ä«¨­®¬  ¨á¯ëâë¢ ¥â «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ (á¬. â ª�¥ [27℄{[31℄ ¨ §¤¥áì â¥®à¥¬ã 3¢ §5). � [28℄ ¢¢¥¤¥­® «®£ à¨ä¬¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥.2. �«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (9.7) �¨å ©«®¢ [78℄ ¯à¥¤«®�¨« à áá¬ âà¨Ä¢ âì ­®á¨â¥«ì ¥£® å à ªâ¥à¨áâ¨ç¥áª®£® ¯®«¨­®¬  ¨ ¬­®£®£à ­­¨ª, ï¢«ïîé¨©áï ¢ëÄ¯ãª«®© ®¡®«®çª®© íâ®£® ­®á¨â¥«ï¨ â®çª¨ ­ã«ì (á¬. ª®­¥æ §12¨ â ª�¥ [9℄, [53℄, [55℄{[57℄,[79℄{[81℄, [107℄{[109℄). Ǒà¨ íâ®¬ ¢ ­ ç «ì­ëå à ¡®â å [78℄, [79℄ ¬­®£®£à ­­¨ª ­¥ ¨¬¥«­ §¢ ­¨ï, ¢ [80℄, [81℄ ¨ [108℄ ®­ ­ §ë¢ «áï \å à ªâ¥à¨áâ¨ç¥áª¨¬",   ­ ç¨­ ï á à ¡®Äâë [55℄ ¨ ¤ «¥¥ { \¬­®£®£à ­­¨ª®¬ �ìîâ®­ ", å®âï ®¡ëç­® «®¬ ­ãî�ìîâ®­  ¯à¨¬¥Ä­ï«¨ ¢ ®ªà¥áâ­®áâ¨ ­ã«ï, ¨ ¥¥ ¢ë¯ãª«®áâì, á®®â¢¥âáâ¢ãîé ï £« ¢­®© ç áâ¨ ¯®«¨­®Ä¬ , ¡ë«  ®¡à é¥­  ª ­ã«î. � ¢ § ¤ ç å á £¨¯®í««¨¯â¨ç¥áª¨¬¨ å à ªâ¥à¨áâ¨ç¥áª¨¬¨¯®«¨­®¬ ¬¨ ¢ë¯ãª«®áâì ¬­®£®£à ­­¨ª  �ìîâ®­ , á®®â¢¥âáâ¢ãîé ï £« ¢­®© ç áâ¨¯®«¨­®¬ , ®¡à é¥­  ª ¡¥áª®­¥ç­®áâ¨.



������������� ������� � ���Ǒ����� ��������� 393. � [5; ¯. 9.9℄ �à­®«ì¤ § ¬¥â¨«, çâ® ¢ á«ãç ¥ ®¡é¥£® ¯®«®�¥­¨ï ­¥ª®â®àë¥ «®Äª «ì­ë¥ á¢®©áâ¢  äã­ªæ¨¨ ¤¢ãå ¯¥à¥¬¥­­ëå ¢ ®ªà¥áâ­®áâ¨ ¢ëà®�¤¥­­®© ªà¨â¨ç¥áÄª®© â®çª¨ § ¢¨áïâ â®«ìª® ®â à §¬¥à®¢ ®¡« áâ¨, ®£à ­¨ç¥­­®© ®áï¬¨ ¨ ¢ë¯ãª«®áâìî«®¬ ­®© �ìîâ®­  íâ®© äã­ªæ¨¨. �â® ¯®á«ã�¨«® â®«çª®¬ ª ­ ¯¨á ­¨î à ¡®â [75℄,[76℄, £¤¥ ã�¥ à áá¬ âà¨¢ «¨áì ¬­®£®£à ­­¨ª¨ �ìîâ®­  ®¤­®£® ¨ ­¥áª®«ìª¨å àï¤®¢.�­â¥à¥á­® ®â¬¥â¨âì, çâ® ¢ íâ¨å à ¡®â å ¬­®£®£à ­­¨ª �ìîâ®­  { íâ® ­¥ ¯à®áâ® ¢ëÄ¯ãª« ï ®¡®«®çª  ­®á¨â¥«ï,   ¢ë¯ãª« ï ®¡®«®çª  ­®á¨â¥«ï, á«®�¥­­®£® á ­¥®âà¨æ Äâ¥«ì­ë¬ ®àâ ­â®¬ {Q > 0},  ­ «®£¨ç­® â®¬ã, ª ª ¢ à ¡®â å [55℄, [56℄ ¬­®£®£à ­­¨ª�ìîâ®­  íâ® ¢ë¯ãª« ï ®¡®«®çª  ­®á¨â¥«ï, á«®�¥­­®£® á ®âà¨æ â¥«ì­ë¬ ®àâ ­â®¬
{Q 6 0}. �¯à®ç¥¬,  ­ «®£¨ç­ë¥ ®¯à¥¤¥«¥­¨ï ¬­®£®£à ­­¨ª  �ìîâ®­  á®¤¥à� âáï¨ ¢ ­¥ª®â®àëå ¯®á«¥¤ãîé¨å à ¡®â å (á¬., ­ ¯à¨¬¥à, [6; ¯. 6.2℄). �¢­®¥ ®¯à¥¤¥«¥­¨¥¬­®£®£à ­­¨ª  �ìîâ®­  ª ª ¢ë¯ãª«®© ®¡®«®çª¨ ­®á¨â¥«ï ¨¬¥¥âáï ¢ [8℄,   ­¥ï¢­®¥{ ¢ [7℄. � ¤ «ì­¥©è¥¬ íâ®â ¯®¤å®¤ ¨á¯®«ì§®¢ «áï ¯à¥¨¬ãé¥áâ¢¥­­® ¤«ï ¢ëç¨á«¥­¨ï á¨¬¯â®â¨ª ®áæ¨««¨àãîé¨å ¨­â¥£à «®¢ [97℄{[99℄, [6℄ ¨ ¤«ï ¨§ãç¥­¨ï á¢®©áâ¢ à¥è¥­¨©á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© [52℄, [54℄, [61℄{[69℄, [74℄, [77℄, [85℄.�¥¯¥àì ®áâ ­®¢¨¬áï ­  ¢§ ¨¬­®¬ ¢«¨ï­¨¨ ãª § ­­ëå âà¥å áâàã©. � áª®«ìª® ¨§Ä¢¥áâ­®  ¢â®àã, ª �¤ ï¨§ áâàã© 2¨ 3 ­¥ ®ª § «  § ¬¥â­®£® ¨¤¥©­®£® ¢«¨ï­¨ï ­ ¤àã£¨¥áâàã¨, â®«ìª® â¥à¬¨­®«®£¨ç¥áª®¥. � ª, â¥à¬¨­ ¬­®£®£à ­­¨ª �ìîâ®­ , ¢®§­¨ªè¨©¢ à ¡®â¥ [55℄ ¢â®à®© áâàã¨, áâ « ®¡é¥¯à¨§­ ­­ë¬. �­ «®£¨ç­®, áâ « ®¡é¥¯à¨§­ ­Ä­ë¬ â¥à¬¨­ ­®á¨â¥«ì ¨§ âà¥âì¥© áâàã¨. Ǒ®íâ®¬ã à áá¬®âà¨¬ ¢«¨ï­¨¥ ¯¥à¢®© áâàã¨­  ¢â®àãî ¨ âà¥âìî.�«¨ï­¨¥ ¯¥à¢®© áâàã¨ ­  ¢â®àãî ­ ç¨­ ¥âáï, ¯®¢¨¤¨¬®¬ã, ¢ 70-¥ £®¤ë. �á®¡¥­­®íâ® § ¬¥â­® ¢ áâ âì¥ [109℄ ¨ ª­¨£¥ [57℄, £¤¥ ¨á¯®«ì§ãîâáï ¢¢¥¤¥­­ë¥ ¢ [10℄, [15℄, [18℄­®à¬ «ì­ë¥ ª®­ãáë ¨ ¬­®�¥áâ¢ U (") (¡¥§ ª®­ªà¥â­ëå ááë«®ª). Ǒ®-¢¨¤¨¬®¬ã, ¢¯¥àÄ¢ë¥ ®¡¥ íâ¨ áâàã¨ ¢áâà¥â¨«¨áì ¢ [30; £«. IV, §2, ¯. 2.4℄. � [25; ¯à¨¬¥à 4℄ ¨ [30; £«. VI,¯à¨¬¥à 1.6℄ ¯®ª § ­®, ª ª áâ¥¯¥­­ ï £¥®¬¥âà¨ï ¢â®à®© áâàã¨ ãª« ¤ë¢ ¥âáï ¢ ®¡éãîáå¥¬ã.�«¨ï­¨¥ ¯¥à¢®© áâàã¨ ­  âà¥âìî ¯à®¨áå®¤¨«® á«¥¤ãîé¨¬ ®¡à §®¬. � 1960 ¨1961 ££. ­  ª®­ªãàá áâã¤¥­ç¥áª¨å à ¡®â ¬¥å-¬ â  ��� ¡ë«¨ ¯à¥¤áâ ¢«¥­ë à ¡®âë ¢â®à , ¯®á«ã�¨¢è¨¥ ®á­®¢®© ¤«ï ¯ã¡«¨ª æ¨© [10℄, [11℄, [14℄. �â§ë¢ë ­  íâ¨ à ¡®âë¯¨á « �.�. �à­®«ì¤, ¡ë¢è¨© â®£¤   á¯¨à ­â®¬. � 1968 £. ®­ ¡ë« ®ä¨æ¨ «ì­ë¬®¯¯®­¥­â®¬ ¯® ¤®ªâ®àáª®© ¤¨áá¥àâ æ¨¨  ¢â®à , ®¯ã¡«¨ª®¢ ­­®© ¢¯®á«¥¤áâ¢¨¨ ¢ ¢¨¤¥áâ â¥© [13℄. �  ¢â®à  á®åà ­¨«áï ®â§ë¢ �.�. �à­®«ì¤  ­  àãª®¯¨á¨ íâ¨å áâ â¥©,­ ¯¨á ­­ë©¢ ¤¥ª ¡à¥ 1969 £. � ­¥¬�.�.�à­®«ì¤ ªà¨â¨ªã¥â \£¥®¬¥âà¨î¯®ª § â¥«¥©áâ¥¯¥­¥©" ¢ âà¥å á«¥¤ãîé¨å § ¬¥ç ­¨ïå.9. �  áâà. 14  ¢â®à ¯¨è¥â ® \­®¢ëå ¯®­ïâ¨ïå £¥®¬¥âà¨¨ ¯®ª § â¥«¥© áâ¥¯¥­¥©".�  áâà. 18 ¢ëïá­ï¥âáï, çâ® íâ® { \ª®­ãáë, ¬­®£®£à ­­¨ª¨ ¨ ¤àã£¨¥ £¥®¬¥âà¨ç¥áª¨¥®¡ê¥ªâë, ª®â®àë¬ ­¥â  ­ «®£®¢ ¢  «£¥¡à å �¨".�®«�¥­ ¯à¨§­ âìáï, çâ® ï ¢ \£¥®¬¥âà¨¨ ¯®ª § â¥«¥©" ­®¢ëå ¯®­ïâ¨© ­¥ ¢¨�ã: ¯®¬®¥¬ã, á«¥¤®¢ «® ­ ¯¨á âì \­®¢ëå ¯® ¬­¥­¨î  ¢â®à ".11. �  áâà. 18  ¢â®à ¯¨è¥â: \�ë áç¨â ¥¬, çâ® ª®­æ¥¯æ¨¨ £¥®¬¥âà¨¨ ¯®ª § â¥«¥©áâ¥¯¥­¥© ¡®«¥¥ ¯«®¤®â¢®à­ë" (ç¥¬ â®çª  §à¥­¨ï  «£¥¡à�¨). �¥æ¥­§¥­âã ª �¥âáï, çâ®¢ëáª § ­­®¥§¤¥áì  ¢â®à®¬¬­¥­¨¥ ®¡êïá­ï¥âáï ¯à®áâ® ¥£® ­¥§­ ª®¬áâ¢®¬á  «£¥¡à ¬¨�¨ ¨ á â¥¬¨ ã¯à®é¥­¨ï¬¨, ª®â®àë¥ ®¡é ï £àã¯¯®¢ ï â®çª  §à¥­¨ï ¬®£«  ¡ë ¢­¥áâ¨ ¢¥£® ¨§«®�¥­¨¥. �¨â¨à®¢ ­­ãî ªà¨â¨ªã  «£¥¡à �¨ «ãçè¥ ®¯ãáâ¨âì.



40 �.�. �����16. �  áâà. 195{198  ¢â®à ¢ á«¥¤ãîé¨å â¥à¬¨­ å £®¢®à¨â ® á¢®¨å à ¡®â å:\�®ª § â¥«ìáâ¢  : : : ®á­®¢ ­ë ¨áª«îç¨â¥«ì­® ­  ¬¥â®¤ å, à §¢¨âëå  ¢â®à®¬.�ãâì ¨å ¢ £¥®¬¥âà¨¨ ¯®ª § â¥«¥© áâ¥¯¥­¥© : : : ". \�â¥¯¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï,¢¢¥¤¥­­ë¥  ¢â®à®¬ ¢ 1962 £., ¤¥« îâ ¡®«¥¥ á®¤¥à� â¥«ì­®© £¥®¬¥âà¨î ¯®ª § â¥«¥©áâ¥¯¥­¥©".Ǒ® ¬­¥­¨î à¥æ¥­§¥­â :�. \�¥®¬¥âà¨ï ¯®ª § â¥«¥©" á®áâ®¨â ¢ â®¬, çâ® ¯®ª § â¥«¨ áâ¥¯¥­¥© ¢ ªà â­ëå àïÄ¤ å �ãàì¥ (�®à ­ , �¥©«®à ) ¨§®¡à � îâáï â®çª ¬¨ æ¥«®ç¨á«¥­­®© à¥è¥âª¨. �â £¥®¬¥âà¨ï áâ ­®¢¨âáï \¡®«¥¥ á®¤¥à� â¥«ì­®©", ª®£¤  ¨á¯®«ì§ã¥âáï â¥®à¥¬  ® ¯à¨¢¥Ä¤¥­¨¨ æ¥«®ç¨á«¥­­®© ¬ âà¨æë ª áâ ­¤ àâ­®¬ã ¢¨¤ã á ¯®¬®éìî í«¥¬¥­â à­ëå ¯à¥®¡Äà §®¢ ­¨©. �® ¨ ¤àã£®¥ ®¡é¥¨§¢¥áâ­® ¨ ®¡ëç­® ¨á¯®«ì§ã¥âáï ¡¥§® ¢áïª®© â®à�¥áâ¢¥­Ä­®áâ¨.�. \�â¥¯¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¢¢¥¤¥­­ë¥  ¢â®à®¬" è¨à®ª® ¨§¢¥áâ­ë ¯®¤ ¨¬¥­¥¬\ªà â­ëå á¨£¬ - ¨  ­â¨ á¨£¬ -¯à®æ¥áá®¢" ¨«¨ \à §à¥è¥­¨© ®á®¡¥­­®áâ¥©" ¢  «£¥¡à Ä¨ç¥áª®© £¥®¬¥âà¨¨. � ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨ïå ¨¬¨ â ª�¥ ¤ ¢­® ¯®«ì§ãîâáï(á¬., ­ ¯à¨¬¥à, ¬¥¬ã à �¥­¤¨ªá®­  1901 £.).�¥æ¥­§¥­âã ª �¥âáï, çâ® á®¤¥à� é¨¥áï ­  áâà. 195{198 á ¬®¢®áå¢ «¥­¨ï  ¢â®à á«¥¤ã¥â ®¯ãáâ¨âì: ç¨â â¥«¨ (¨  ¢â®à) ®â íâ®£® â®«ìª® ¢ë¨£à îâ.� â¥ªáâ¥ áâ â¥© [13℄ ªà¨â¨ª®¢ ¢è¨¥áï ¬¥áâ  ®áâ «¨áì ¢ á«¥¤ãîé¥¬ ¢¨¤¥. � § ¬¥ç Ä­¨î 9 ®â­®á¨âáï  ¡§ æ ¯¥à¥¤ ä®à¬ã«¨à®¢ª®© ãá«®¢¨ï ! ¢ ¯. II ¢¢¥¤¥­¨ï (á. 127). �¥ªáâ,ãª § ­­ë© ¢ § ¬¥ç ­¨¨ 11 ¡ë« ¢ë¡à®è¥­. � ¬¥ç ­¨¥ 16 ®â­®á¨âáï ª ¯¥à¢®¬ã  ¡§ æã¯. III, §6, £«. III (á. 209) ¨ ª  ¡§ æã ¯¥à¥¤ ä®à¬ã«¨à®¢ª®© â¥®à¥¬ë 10 ¢ â®¬ �¥ ¯ã­ªÄâ¥ (á. 210). � ª¨¬ ®¡à §®¬, �.�. �à­®«ì¤ã ¯®âà¥¡®¢ «®áì 14 «¥â (á 1960 £. ¯® 1974 £.,á¬. [5℄), çâ®¡ë ®á®§­ âì¯®«¥§­®áâì áâ¥¯¥­­®© £¥®¬¥âà¨¨. � «ì­¥©è¥¥ ¢«¨ï­¨¥ ¯¥à¢®©áâàã¨ ­  âà¥âìî ¯à®¨áå®¤¨«® ¢ 1973{1976 ££. � ª, ¢ à ¡®â¥ [7℄ ¨á¯®«ì§ãîâáï áâ¥¯¥­Ä­®¥ ¯à¥®¡à §®¢ ­¨¥ ¨ á¢ï§ ­­®¥ á ­¨¬ «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ ¢ ¯à®áâà ­áâ¢¥ ¯®ª Ä§ â¥«¥© áâ¥¯¥­¥© (à §ã¬¥¥âáï, ¡¥§ ááë«®ª). �â¥¯¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨á¯®«ì§ãîâáïâ ª�¥ ¢ [6; §8, ¯. 8.1. �℄ ¯®¤ ¨¬¥­¥¬¬®­®¬¨ «ì­ë¥ ®â®¡à �¥­¨ï ¨ â®�¥ ¡¥§ ááë«®ª.� ¬ �¥ ¨á¯®«ì§ãîâáï  ­ «®£¨ ­®à¬ «ì­ëå ª®­ãá®¢ ¨ ¤àã£¨¥ ¨­áâàã¬¥­âë áâ¥¯¥­­®©£¥®¬¥âà¨¨. �Ǒ���� ����������[1℄ �ä¥­¤¨ª®¢ �.�., � ¡¥­ª®�.�. �¨äãàª æ¨ï à®�¤¥­¨ï æ¨ª«  ¢ ­¥ª®â®àëå § ¤ ç åá á¨¬¬¥âà¨¥© // �®ª«. �� ����. 1988. �. 300. ò1. �. 14{18.[2℄ Afendikov A.,MielkeA. Bifur
ation of homo
lini
 orbits to a saddle-fo
us in reversiblesystems with SO(2)-symmetry // J. Di�erential Equations. 1999. V. 159. ò2. P. 370{402.[3℄ �ä¥­¤¨ª®¢ �.�., �¨«ìª¥ �. � á¥¬¥©áâ¢¥ ®¡à â¨¬ëå SO(2)-¨­¢ à¨ ­â­ëå ¢¥ªâ®àÄ­ëå ¯®«¥© á ç¥âëà¥åªà â­ë¬ ­¥¯®«ã¯à®áâë¬ ­ã«¥¢ë¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ // �®ª«.��. 1999. �. 369. ò2. �. 154{157.[4℄ �à ­á®­ �.�. �ëç¨á«¥­¨¥ ¬­®£®£à ­­¨ª  �ìîâ®­  // � â¥à¨ «ë �¥�¤ã­ à®¤­®©ª®­ä¥à¥­æ¨¨ ¨�¥¡ëèñ¢áª¨å çâ¥­¨©, ¯®á¢ïé¥­­ëå 175-«¥â¨î á® ¤­ï à®�¤¥­¨ïǑ.�.�¥¡ëÄèñ¢ . �. 1. �.: ���, 1996. �. 32{34.[5℄ �à­®«ì¤ �.�. �®à¬ «ì­ë¥ ä®à¬ë äã­ªæ¨© ¢ ®ªà¥áâ­®áâ¨ ¢ëà®�¤¥­­ëå ªà¨â¨ç¥áª¨åâ®ç¥ª // ���. 1974. �. 29. ò2. �. 11{49.[6℄ �à­®«ì¤ �.�., � àç¥­ª® �.�., �ãá¥©­-� ¤¥ �.�. �á®¡¥­­®áâ¨ ¤¨ää¥à¥­æ¨Äàã¥¬ëå ®â®¡à �¥­¨©. �. 2. �®­®¤à®¬¨ï ¨  á¨¬¯â®â¨ª¨ ¨­â¥£à «®¢. �.: � ãª , 1984.
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