
×àñòü 1

Çàäà÷è

1. (4) Øàéáó ïîëîæèëè íà ïëîñêîñòü, íàêëîí¼ííóþ ê ãîðèçîíòó ïîä óãëîì â 45◦, è
îòïóñòèëè. Íàéäèòå çàêîí èçìåíåíèÿ ïðîéäåííîãî øàéáîé ðàññòîÿíèÿ, åñëè èçâåñò-
íî, ÷òî ñîïðîòèâëåíèå ñðåäû ïðîïîðöèîíàëüíî å¼ ñêîðîñòè, êîòîðàÿ ïðè t → +∞
ñòðåìèòñÿ ê 50 ì/ñ.

2. (4) Íàéäèòå ôóíêöèþ u(x, y, z), óäîâëåòâîðÿþùóþ óðàâíåíèþ ñ ÷àñòíûìè ïðîèçâîä-
íûìè:

x
∂u

∂x
− y∂u

∂y
− (x3y2 + xz)

∂u

∂z
= 0

è íà÷àëüíîìó óñëîâèþ:
u|x=1 = z.

Âîïðîñû

3. (2) Íàðèñóéòå ýñêèç èíòåãðàëüíûõ êðèâûõ ëîãèñòè÷åñêîãî óðàâíåíèÿ ñ ëèíåéíûì
êîýôôèöèåíòîì ðàçìíîæåíèÿ k(x) = 5− x.

4. (3) Ìîæíî ëè âûïðÿìèòü âåêòîðíîå ïîëå ẋ = 1−x â îêðåñòíîñòè òî÷êè x = 0? Åñëè
äà, óêàæèòå âûïðÿìëÿþùóþ çàìåíó êîîðäèíàòû.
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5. (2) Íàéäèòå ïðåäåëüíûå öèêëû ñèñòåìû{
ẋ = y + x(x2 + y2 − 1)2(x2 + y2 − 2)3

ẏ = −x+ y(x2 + y2 − 1)2(x2 + y2 − 2)3

è èññëåäóéòå èõ íà óñòîé÷èâîñòü.

(2) Íàðèñóéòå ôàçîâûé ïîðòðåò ñèñòåìû.

Âîïðîñû

6. (3) Óêàæèòå ôóíêöèþ Ëÿïóíîâà äëÿ íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû:{
ẋ = −3x+ 20y3

ẏ = −2y + 7x2y
.

7. (4) Ïðàâûå ÷àñòè íåïðåðûâíî äèôôåðåíöèðóåìîé àâòîíîìíîé ñèñòåìû èç äâóõ óðàâ-
íåíèé ñ çàâèñèìûìè ïåðåìåííûìè x è y îáðàùàþòñÿ â íóëü ïðè |x|+ |y| > 1. Âåðíî
ëè, ÷òî âñå ðåøåíèÿ ýòîé ñèñòåìû íåîãðàíè÷åííî ïðîäîëæàþòñÿ âïåð¼ä?
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1. (2) Íàéäèòå âñå ðåøåíèÿ óðàâíåíèÿ ln (−y′/x) + xy′ − 2y = 0.

(2) Óêàæèòå îñîáîå ðåøåíèå è ïîêàæèòå, ÷òî óêàçàííîå ðåøåíèå ÿâëÿåòñÿ îñîáûì
(íàðèñîâàâ êàðòèíêó èëè àíàëèòè÷åñêè).

2. (2) Íàéäèòå ôàçîâûé ïîòîê âåêòîðíîãî ïîëÿ{
ẋ = 2y
ẏ = −3x .

(2) Âûïðÿìèòå óêàçàííîå âåêòîðíîå ïîëå â îêðåñòíîñòè òî÷êè (1, 0), ïðåäúÿâèâ â
ÿâíîì âèäå äèôôåîìîðôèçì, îáðàòíûé ê âûïðÿìëÿþùåìó.

Âîïðîñû

3. (2) Ôàçîâûå êðèâûå êàêèõ òèïîâ èìååò ñèñòåìà ẋ = 2y, ẏ = −3x?

4. (3) Óêàæèòå îáëàñòü îïðåäåëåíèÿ íåïðîäîëæàåìîãî ðåøåíèÿ óðàâíåíèÿ ẋ = x2 + 4
ñ íà÷àëüíûì óñëîâèåì t0 = 0, x0 = 0.
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5. (4) Íàéäèòå ïðîèçâîäíóþ ïî ïàðàìåòðó ε ïðè ε = 0 ðåøåíèÿ óðàâíåíèÿ

x2y′′ − xy′ + y = −εy2

c íà÷àëüíûìè óñëîâèÿìè y(1) = cos ε, y′(1) = 0.

Âîïðîñû

6. (3) Óñòîé÷èâû ëè ïî Ëÿïóíîâó ðåøåíèÿ óðàâíåíèÿ ẋ = (sin2 t−1)x+sin
√
2t? Óñòîé-

÷èâû ëè îíè àñèìïòîòè÷åñêè?

7. (4) Íàéäèòå ïðåäåë ïðè ε→ 0 ðåøåíèÿ çàäà÷è Êîøè

ẋ = −
√
x2 + ε2t2, x(0) = 0,

îáîñíîâàâ åãî ñóùåñòâîâàíèå.
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1. (2) Íàðèñóéòå (íå íàõîäÿ îáùåãî ðåøåíèÿ) èíòåãðàëüíûå êðèâûå óðàâíåíèÿ

ẋ = 3
√
x4(x3 − 1).

(2) Íàéäèòå âñå òî÷êè ëîêàëüíîé åäèíñòâåííîñòè.

2. (2) Íà ôàçîâîé ïëîñêîñòè óðàâíåíèÿ

ẍ = 2x− π sinx

íàéäèòå âñå îñîáûå òî÷êè, îïðåäåëèòå èõ òèïû è èññëåäóéòå íà óñòîé÷èâîñòü. Ïðè
èññëåäîâàíèè íà óñòîé÷èâîñòü äëÿ êàæäîé îñîáîé òî÷êè íóæíî óêàçàòü, ÿâëÿåòñÿ ëè
îíà: à) àñèìïòîòè÷åñêè óñòîé÷èâîé; á) óñòîé÷èâîé, íî íå àñèìïòîòè÷åñêè; â) íåóñòîé-
÷èâîé.

(2) Íàðèñóéòå ôàçîâûé ïîðòðåò óðàâíåíèÿ.

Âîïðîñû

3. (2) Äèôôåðåíöèàëüíîå óðàâíåíèå y′ = x/(1 + ey) çàäà¼ò ïîëå íàïðàâëåíèé. Çàïè-
øèòå ïåðïåíäèêóëÿðíîå åìó ïîëå íàïðàâëåíèé êàê äèôôåðåíöèàëüíîå óðàâíåíèå â
ñèììåòðè÷íîé ôîðìå.

4. (3) Íàéäèòå îäíîïàðàìåòðè÷åñêóþ ãðóïïó ñèììåòðèé óðàâíåíèÿ ẍ = x3/t4.
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5. (4) Íàéäèòå ïðîèçâîäíûå ∂x
∂ε

è ∂y
∂ε

ïî ïàðàìåòðó ε ïðè ε = 0 ðåøåíèÿ ñèñòåìû{
ẋ = ex sin y − ε2e−t
ẏ = −x+ ln (1 + ε) cos2 t

ñ íà÷àëüíûìè óñëîâèÿìè x(0) = arctg ε, y(0) = ε2.

Âîïðîñû

6. (3) Åñòü ëè öèêëû ó âåêòîðíîãî ïîëÿ:{
ẋ = ex − ln (ey + 1)
ẏ = arctg x+ y3

?

7. (4) Äëÿ êàæäîãî íàòóðàëüíîãî n íàéäèòå ÷èñëî ðåøåíèé çàäà÷è Êîøè

−y∂u
∂x

+ x
∂u

∂y
= 0, u |y=0 = xn,

îïðåäåë¼ííûõ â êàêîé-íèáóäü îêðåñòíîñòè òî÷êè x = y = 0.
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1. (4) Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè:

x
∂u

∂x
+ (3y + 2x)

∂u

∂y
= 0

ïðè x > 0.

2. (2) Íàéäèòå âñå îñîáûå òî÷êè ñèñòåìû{
ẋ = (x− 1)2 + y2 − 1
ẏ = x2 + y2 − 1

îïðåäåëèòå èõ òèïû è èññëåäóéòå íà óñòîé÷èâîñòü. Ïðè èññëåäîâàíèè íà óñòîé÷è-
âîñòü äëÿ êàæäîé îñîáîé òî÷êè íóæíî óêàçàòü, ÿâëÿåòñÿ ëè îíà: à) àñèìïòîòè÷åñêè
óñòîé÷èâîé; á) óñòîé÷èâîé, íî íå àñèìïòîòè÷åñêè; â) íåóñòîé÷èâîé.

(2) Íàðèñóéòå ôàçîâûé ïîðòðåò ñèñòåìû.

Âîïðîñû

3. (2) Íàéäèòå èçîêëèíó äèôôåðåíöèàëüíîãî óðàâíåíèÿ y′ = (x + y2)/(1 + y2), ïðîõî-
äÿùóþ ÷åðåç òî÷êó (1, 2).

4. (3) Ðàññìîòðèì îñöèëëÿòîð ñ òðåíèåì, êîëåáàíèÿ êîòîðîãî ïîä äåéñòâèåì ïåðèî-
äè÷åñêîé âíåøíåé ñèëû îïèñûâàþòñÿ óðàâíåíèåì ẍ + 2ẋ + 11x = sin νt. Íàéäèòå
ìàêñèìàëüíóþ àìïëèòóäó óñòàíîâèâøèõñÿ âûíóæäåííûõ êîëåáàíèé îñöèëëÿòîðà è
÷àñòîòó ν > 0, ïðè êîòîðîé îíà äîñòèãàåòñÿ.
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5. (4) Íàéäèòå ïðîèçâîäíûå ∂x
∂ε

è ∂y
∂ε

ïî ïàðàìåòðó ε ïðè ε = 0 ðåøåíèÿ ñèñòåìû{
ẋ = cos x sin y − ln (1 + xy)
ẏ = sin x− etε

ñ íà÷àëüíûìè óñëîâèÿìè x(0) = sin ε, y(0) = cos ε− 1.

Âîïðîñû

6. (3) Íàéäèòå ïëîùàäü îáðàçà ìíîæåñòâà |x| + |y| 6 2 ïðè ïðåîáðàçîâàíèè g2 èç ôà-
çîâîãî ïîòîêà âåêòîðíîãî ïîëÿ: {

ẋ = x− 2xy
ẏ = −x+ y2

.

7. (4) Íåíóëåâîå âåêòîðíîå ïîëå íà ïëîñêîñòè îáðàùàåòñÿ â íóëü â íà÷àëå êîîðäèíàò, à
êàæäàÿ èç äâóõ åãî êîìïîíåíò � ìíîãî÷ëåí ñ íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè.
Ìîæåò ëè íà÷àëî êîîðäèíàò áûòü óñòîé÷èâûì ïî Ëÿïóíîâó?


